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Abstract

Thermal convection plays a critical role inside the outer 30% of the solar interior:

It transports heat while powering small-scale dynamo. With the rotational influences,

anisotropic turbulent convection also transports the angular momentum to generate large-

scale mean flows, such as differential rotation and meridional circulation, both of which

are essential ingredients for the solar large-scale dynamo. To investigate the turbulent

convective properties and the dynamo processes, three-dimensional hydrodynamic or

magnetohydrodynamic simulations have been conducted. However, it has recently been

recognized that solar convection simulations that aim to achieve more realistic regime with

higher resolutions tend to overestimate the deep-seated large-scale convective amplitudes,

compared with local helioseismic observational findings. Owing to this problem, most

of the global simulations naturally underestimate the rotational influences with respect

to convection, having difficulties in reproducing the observed differential rotation. It is

regarded as of critical importance to figure out the cause of this problem, if we are to cor-

rectly understand the solar convection and to make the global high-resolution convection

and dynamo modeling available again.

In this thesis, after a careful examination of the small-scale dynamo effects, we propose

a possible convective velocity suppression mechanism that helps to alleviate the discrep-

ancy between simulations and observations (Chapter 2). This can be explained as follows:

The small-scale magnetic fields can reduce the convective amplitude of small-scale mo-

tions through the Lorentz-force feedback, which concurrently inhibits the turbulent mixing

of entropy between upflows and downflows. As a result, the effective Prandtl number may
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exceed unity if the solar convection zone is filled with strong small-scale magnetic fields.

If, in this way, the turbulent thermal diffusivity decreases (the effective Prandtl num-

ber accordingly increases), the subadiabatic layer which is formed near the base of the

convection zone by continuous depositions of low entropy transported by adiabatically

downflowing plumes is enhanced and extended. The global convective amplitude in the

high-Prandtl regime is thus suppressed via the change in the mean entropy profile, which

becomes more subadiabatic near the base and less superadiabatic in the bulk.

In order to examine the above velocity suppression process numerically, we have

newly developed a numerical code to simulate a three-dimensional compressible thermal

convection in a stratified medium (Chapter 3). The effects of the small-scale magnetism

are modeled as an enhanced sub-grid-scale Prandtl number. We have conducted sets

of non-rotating and rotating convection simulations throughout the thesis with different

values for thermal diffusivities (thus different Prandtl numbers).

The remaining of the thesis consists of the following three parts. Firstly in Chapter

4, we present the results of non-rotating convection simulations that is published as

Bekki et al. (2017), in which we have successfully demonstrated the proposed velocity

suppression process. As Prandtl number increases, upflow and downflow plumes promote

efficient convective energy transport in a non-local manner, which enhances the formation

of the subadiabatic layer in the lower half of the convection zone. It is found that the

low wavenumber power of the subsurface horizontal velocity shows a large reduction

in the higher-Prandtl number regime, which can be attributed to a selective suppression

of convective driving in the deeper layer of the convection zone where the stratification

becomes more subadiabatic. Still, however, the degree of suppression seems to be not

enough to fully resolve the huge discrepancies between simulations and observations only

through this mechanism.

Secondly in Chapter 5, we investigate the properties of rotating convection in the

high-Prandtl number regime using a local f-plane box model. The convective velocity

suppression is confirmed even under the rotational effects: Despite the general tendency

ii



of the mean stratification to become more superadiabatic under the rotational influences, it

is finally confirmed that the convective speed systematically decreases as Prandtl number

increases. In fact, the subadiabatic layer can be formed near the base even in a strongly

rotationally-constrained regime if the Prandtl number is increased up to around 10. The

most striking result is obtained on the properties of the Reynolds stress. We found that

the Reynolds stress component Rxz (x: azimuthal, z: radial) tends to become negative in

the high-Prandtl number regime, which means that the angular momentum is transported

downward by convective plumes.

Lastly in Chapter 6, the full-spherical convection simulations are further carried out to

investigate global impacts of the above convective processes that we demonstrated using

local f-plane box model. This study was conducted in collaboration with Dr. Bidya Karak

and Dr. Mark Miesch during the author’s visit to High Altitude Observatory. Here again,

the proposed velocity suppression via the enhancement of the subadiabatic layer can be

robustly confirmed. On the other hand, it is found that the anti-solar differential rotation

tends to be established by the downward angular momentum transport by convective

plumes in the high-Prandtl number regime.

These results cast a serious doubt on the idea that the plume-type thermal convection

in an effectively high-Prandtl number regime can be a plausible solution to the solar

convective conundrum; even though convective plumes may alleviate the problem of the

convective energy transport, they adversely affect the problem of the angular momentum

transport inevitably. Our study strongly suggests that the convective heat transport and the

angular momentum transport consist two sides of the same coin and must be investigated

integratedly for solving the solar convective conundrum.

iii



要旨

　太陽の外層 30%を占める対流層では、乱流的な熱対流によってエネルギーを輸送

している。さらに、自転に伴うコリオリ力の効果が加わり非等方的になった乱流は

角運動量を輸送し、差動回転や子午面流といった大規模平均流を作り出す。太陽の

周期的な磁気活動は、これらの大規模平均流による移流や引き伸ばしによるダイナ

モ効果が大きな役割を果たすことで維持されていると考えられている。太陽対流層

内部の乱流的な熱対流やダイナモ過程に関する我々の理解の多くは、３次元（磁気）

流体数値シミュレーション研究によってもたらされてきた。しかしながら、近年の

高解像度化に伴って「太陽熱対流問題（solar convective conundrum）」と呼ばれる問

題が生じてきた。これは、数値シミュレーションや混合距離理論で得られる対流速

度が、観測と比較して（約２桁）速すぎるという問題である。さらに、これによっ

て相対的に熱対流に対する回転の効果が過小評価されてしまうため、観測と整合的

な差動回転が実現されず、結果として差動回転によって駆動されると考えられてい

る太陽ダイナモ機構を３次元数値シミュレーションを用いて調べることが非常に困

難となってしまっているのが現状である。太陽ダイナモの数値的研究を前進させる

ためにも、太陽熱対流を正しく理解し、対流速度に関する観測と理論・モデル間の

不一致を解消することが重要であると認識されている。

本研究では、まずはじめに、数値シミュレーションや理論モデルで十分に考慮さ

れていない乱流ダイナモの効果を取り入れることで、熱対流速度が抑制される機構

を提案する（第２章）。これは次のように説明される。乱流ダイナモによって作られ

る小スケール磁場は、ローレンツ力を介して乱流を抑え実効的な粘性 νeffを強める。

一方で、暖かい上昇流と冷たい下降流間の乱流によるエントロピー混合は抑えられ
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るため、実効的な熱拡散 κeffは抑制される。従って、もし乱流ダイナモが太陽内部

で非常に活発で、対流層内部が強く乱れた磁場に満ちていれば、実効的なプラント

ル数 Pr ≡ νeff/κeff は上昇すると考えられる。以下、簡単のため νeff は固定して議論

を進める。もし、乱流熱拡散 κeffが強く抑えられれば、冷たい下降流はより断熱的

に落ちていき冷たいプラズマをより多く対流層の底に運ぶことが可能になる。その

結果、対流層の底付近に形成される亜断熱層（平均エントロピー勾配が正）が強化・

拡張される。こうして、対流層下層が対流安定な成層となることで浮力による正味

の対流駆動が抑制されるため、熱対流速度が減少する。

そこで我々は、上記の熱対流速度抑制モデルを数値的に検証し、理論と観測との

不一致の解消にどの程度貢献しうるのか調べるために、デカルト座標で３次元圧縮

性熱対流計算に適した数値シミュレーションコードを新たに開発し（第３章）、乱流

ダイナモの効果をサブグリッドスケールの（実効的な）粘性の強化と熱拡散の減少

としてモデル化した（すなわち磁場を陽に解かない）熱対流数値計算を行った（第４

章）。非回転系における主要な結果は以下の通りであり、出版論文 Bekki et al. (2017)

としてまとめた。プラントル数を上げ（熱拡散を下げ）るに従って、対流層下部の

亜断熱層が強化・拡張されるとともに対流層上部の成層はより断熱的になることで、

対流の二乗平均速度が系統的に減少した。従って、提案した抑制機構が数値的に確

かめられた。また、底付近の亜断熱層の強化に伴い、対流層深部の対流速度がより

選択的に抑制されることが分かった。これにより、表面対流スペクトルの大スケー

ルの速度パワーが約１桁減少することが確かめられたが、観測と理論の不一致を解

消するには、この機構だけでは不十分であることが示唆された。

続いて、我々は局所 f平面モデルに拡張した回転系熱対流計算を行い、上に述べ

た対流速度抑制機構に対する回転の効果やレイノルズ応力による角運動量輸送過程

を詳しく調べた（第５章）。一般的に、熱対流にかかるコリオリ力は熱輸送効率を

下げ、成層をより対流不安定にする傾向があるものの、高プラントル数レジームに

おける亜断熱層の形成・強化、及び平均流に対する変動の二乗平均速度場の抑制は、

回転系においても存在することが確かめられた。しかしながら、高プラントル数レ

ジームにおいては、熱対流速度が抑えられてより相対的な回転の効果が小さくなっ
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ているにも関わらず、レイノルズ応力の（鉛直-方位）成分がより負の方向に変化す

ることが分かった。これは、プラントル数の上昇に伴ってより強化された対流プルー

ムが角運動量を下方に輸送する傾向を持つことを明確に示している。

最後に、我々の局所対流計算で明らかにされた物理素過程（亜断熱層形成やレイ

ノルズ応力による角運動量の下向き輸送）が大局的な対流層ダイナミクスに与える

影響を吟味するため、全球熱対流数値計算を行った（第６章）。この研究は、高高度

研究所（HAO）に滞在した際に、Bidya Karak、Mark Miesch両氏と行った共同研究

の成果である。亜断熱成層の強化とそれに伴う対流速度の抑制機構の存在は、大局

計算においてもほぼ同様に確かめられ、高プラントル数レジームの熱対流の極めて

一般的な性質であることが結論付けられた。一方で、高プラントル数レジームでは

対流プルームが角運動量を下方に輸送するため、たとえ対流速度自体は抑えられて

相対的な回転の効果は大きくなっていたとしても、観測事実とは異なる極加速型の

差動回転が実現される傾向があることが判明した。

これらの一連の研究結果は、高プラントル数熱対流では対流プルームが効率的

な熱輸送を担うことで大スケールの速度場抑制に寄与し、一見観測と理論の不一致

を緩和するように見えるものの、これらプルームは必然的に角運動量を動径内向き

に輸送するため、大規模平均流生成の観点に立てば観測との乖離を逆に広げてしま

うことを意味している。本研究により、今後の太陽熱対流問題の解決に向けて熱エ

ネルギー輸送と角運動量輸送を統合的に論じることの重要性が強く示唆された（第

７章）。

vi



Contents

1 General Introduction 1

1.1 Internal Structure of the Sun . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Thermal Convection . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.1 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.2 Mixing Length Theory . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Rotational Influences . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3.1 Observations of Large-Scale Mean Flows . . . . . . . . . . . . . 11

1.3.2 Turbulent Angular Momentum Transport . . . . . . . . . . . . . 13

1.4 Magnetic Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.4.1 Large-Scale Dynamo . . . . . . . . . . . . . . . . . . . . . . . . 21

1.4.2 Small-Scale Dynamo . . . . . . . . . . . . . . . . . . . . . . . 25

1.5 Convective Conundrum . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1.5.1 Anti-Solar Differential Rotation . . . . . . . . . . . . . . . . . . 31

1.5.2 Local Helioseismology . . . . . . . . . . . . . . . . . . . . . . 33

1.5.3 Surface Convection Simulation . . . . . . . . . . . . . . . . . . 35

1.6 Motivation and Aims of this Thesis . . . . . . . . . . . . . . . . . . . . 38

2 Convective Velocity Suppression Model 41

2.1 Effectively High Prandtl Number Convection . . . . . . . . . . . . . . . 41

2.2 Enhancement of the Subadiabatic Layer . . . . . . . . . . . . . . . . . . 43

vii



3 Simulation Setup 47

3.1 Basic equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.2 Sub-Grid-Scale Diffusivities . . . . . . . . . . . . . . . . . . . . . . . . 50

3.3 Radiative Energy Fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.4 Numerical Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Non-Rotating Convection Simulation 57

4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.1.1 Development of Convection . . . . . . . . . . . . . . . . . . . . 58

4.1.2 Typical Convective Structure . . . . . . . . . . . . . . . . . . . . 60

4.2 Convective Velocity Suppression . . . . . . . . . . . . . . . . . . . . . 61

4.2.1 Isotropic Thermal Diffusion . . . . . . . . . . . . . . . . . . . . 61

4.2.2 Anisotropic Thermal Diffusion . . . . . . . . . . . . . . . . . . 66

4.3 Effects on a Single Downflow Plume . . . . . . . . . . . . . . . . . . . 74

4.4 Parameteric Survey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.4.1 Scaling of Convective Velocity . . . . . . . . . . . . . . . . . . 77

4.4.2 Reduction of Low Wavenumber Power . . . . . . . . . . . . . . 80

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.5.1 Nonlocality of Solar Convection . . . . . . . . . . . . . . . . . . 85

4.5.2 Justification from MHD Simulation . . . . . . . . . . . . . . . . 86

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5 Rotating Convection Simulation 93

5.1 General Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.1.1 Convective Structures . . . . . . . . . . . . . . . . . . . . . . . 95

5.1.2 Generation of Mean Flows . . . . . . . . . . . . . . . . . . . . . 96

5.1.3 Inertial Oscillation . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.2 Efficiency of Convection . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.2.1 Mean Stratification . . . . . . . . . . . . . . . . . . . . . . . . . 107

viii



5.2.2 Convective Velocity Amplitude . . . . . . . . . . . . . . . . . . 110

5.3 Reynolds Stress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.3.1 Rotational Influences . . . . . . . . . . . . . . . . . . . . . . . . 113

5.3.2 Dependence on Prandtl Number . . . . . . . . . . . . . . . . . . 116

5.4 Summary and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 122

6 Comparison with Global Simulation 126

6.1 Full-Spherical Convection Simulation . . . . . . . . . . . . . . . . . . . 127

6.1.1 Numerical Setup . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.1.2 Results I: Convective Amplitude and Stratification . . . . . . . . 129

6.1.3 Results II: Differential Rotation and Reynolds Stress . . . . . . . 133

6.1.4 Results III: Implications for Thermal Wind Balance . . . . . . . . 135

6.2 Comparison between Local and Global Models . . . . . . . . . . . . . . 138

6.2.1 Mach Number and Energy Flux . . . . . . . . . . . . . . . . . . 138

6.2.2 Convective Amplitude and Stratification . . . . . . . . . . . . . 140

6.2.3 Reynolds Stress Near The Equator . . . . . . . . . . . . . . . . . 141

6.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

7 Conclusions 145

7.1 Summary of Our Study . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.1.2 Possible Effects of Small-Scale Dynamo . . . . . . . . . . . . . 146

7.1.3 Results of Non-Rotating Simulations . . . . . . . . . . . . . . . 147

7.1.4 Results of Rotating Simulations . . . . . . . . . . . . . . . . . . 149

7.2 Future Prospects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Acknowledgments 154

References 157

ix



Chapter 1

General Introduction

The interior of the Sun consists of the radiation zone (inner 70 %) and the convection

zone (outer 30 %). The energy continuously generated by nuclear fusion at the center

(core) of the Sun is transported via radiation in the deep interior but is finally transported

very efficiently via convection in the outermost layer of the Sun (§1.1). Once convection

occurs, a variety of dynamical processes are brought about by convection as shown in

Figure 1.1: Thermal convection not only transports heat that comes from the radiation

zone to the photosphere (§1.2). Coupled with the solar rotation, anisotropic turbulent
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Equatorward Transport 
of Toroidal Fluxes

　　　

Figure 1.1: Schematic illustration of the solar convection zone dynamics.
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convection also transports the angular momentum to produce the large-scale mean flows

such as differential rotation and meridional circulation (§1.3). Above all, what makes

the solar convection zone strikingly interesting is the dynamo processes, in which kinetic

energy of the convective motions is converted to the magnetic energy (§1.4). The large-

scale mean flows are believed to be the main ingredients of the solar large-scale dynamo,

which (as well as the small-scale dynamo driven by turbulent convection) maintains the

11-year cycle of the solar magnetic activity.

In the following sections (from §1.2 to §1.4), we describe the basics of each of these

physical processes. In §1.5, we introduce a severe problem of the current solar convection

modeling that has recently been recognized and termed as "convective conundrum". At

the end of this Chapter §1.6, a motivation and aims of our study are described.

1.1 Internal Structure of the Sun

The internal structure of the Sun is described by the "solar standard model" (Christensen-

Dalsgaard et al., 1996), which is roughly constructed as follows: First, assumptions are

made regarding on (1) spherical symmetricity, (2) hydrostatic equilibrium, and (3) thermal

equilibrium. Note that effects of solar rotation and magnetism (that we will discuss in

§1.3 and §1.4) are neglected.

The standard model is obtained by solving a set of following equations under appro-

priate boundary conditions at the center and imposing the observed values for the solar

mass M⊙ = 1.99 × 1033 g, luminosity L⊙ = 3.84 × 1033 erg s−1, syrface temperature

T⊙ = 5.77 × 103 K, radius R⊙ = 6.96 × 1010 cm, and the observed abundance at the

surface. The model equations consist of mass conservation, hydrostatic equilibrium, and
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thermal equilibrium (energy balance),

∂r
∂m

=
1

4πρr2 , (1.1)

∂p
∂m

= − Gm
4πr4 , (1.2)

∂L
∂m

= ε, (1.3)

where m denotes the mass of a spherical interior of radius r . p, ρ, L, and ε are the radius,

pressure, density, luminosity, and energy generation per unit mass. Since p is described

as a function of ρ and the temperature T (equation of state), we also need to specify

the temperature gradient dT/dr = (∂T/∂m)(∂r/∂m)−1 to describe the energy transport

within the solar interior. In general, the energy is transported by radiation and convection;

L
4πr2 = Fr + Fc, (1.4)

where Fr and Fc represent the radiative and convective energy fluxes, respectively. Since

the interior of the Sun is optically-thick, Fr is given by diffusion approximation,

Fr = −
16σT3

3κρ
dT
dr
, (1.5)

where κ and σ are the mean-opacity and the Stefan-Boltzmann constant, respectively.

If the temperature gradient is moderate compared to the adiabatic gradient (§1.2.1), no

convection occurs; Fc = 0. However, when convection exists, the convective energy

(enthalpy) flux Fc must be described by other quantities to make the set of equations

closed. This can be done using mixing length theory that provides us a useful estimate of

Fc in terms of (double-logarithmic) temerature gradient with an additional free parameter

αMLT (§1.2.2). αMLT can be adjusted so as to make solutions fit with the observations.

Typical value ofαMLT is≈ 1.8, which leads to the depth of the convection zone rbase = 0.71.

Figure 1.2 shows the internal stratification obtained by the standard model (Model
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Figure 1.2: Profiles of (a) temperature, (b) pressure, (c) density, (d) pressure scale height,
(e) sound speed, and (f) radiative luminosity as function of radial distance obtained by the
solar standard model (Model S) (Christensen-Dalsgaard et al., 1996).

　　　

S) of Christensen-Dalsgaard et al. (1996). The validity of this solar standard model

is well confirmed by global helioseismology (§1.3.1). It is clearly seen that the solar

convection zone is strongly stratified; density contrast across the convection zone is about

106. Similarly, pressure scale height covers about 0.1R⊙ near the base, but it significantly

decreases towards the surface to a value nearly 1 Mm ∼ 0.0014R⊙, a scale comparable to

the size of the granulation. Sound speed is approximately 200 km s−1 near the base, which

is far faster than the estimated convective speed (§1.2.2). However, near the surface, both

the sound speed and convective speed eventually become comparable with each other.
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1.2 Thermal Convection

Convection only occurs when the background stratification is Schwarzschild convectively-

unstable (superadiabatic). In this section, we first review a criterion of convection. Once

convection occurs, the energy is efficiently transported by convection; the internal energy

of a plasma bubble is directly carried along with the plasma motions. We then explain the

basics of the "mixing-length theory" to estimate the convective energy flux, an important

ingredient of the solar standard model.

1.2.1 Stability

Let us first consider a fluid parcel of idealized gas which is displaced a vertical distance

δz. The background is assumed to be steady-stratified. Under a plausible assumption that

the time-scale of this displacement is much shorter than the thermal relaxation time-scale,

this fluid parcel expands or shrinks adiabatically so as to keep the pressure equilibrium

with the surrounding medium. Therefore, the density of the fluid parcel ρ∗ and of the

surrounding medium at the height z + δz can be written as,

ρ∗(z + δz) = ρ +

(
dρ
dz

)
ad
δz, (1.6)

ρ(z + δz) = ρ +

(
dρ
dz

)
δz, (1.7)

where the subscript "ad" represents the gradient under an adiabatic condition. If the fluid

parcel is lighter (heavier) than the surrounding for positive (negative) displacement δz;

dρ
dz
−

(
dρ
dz

)
ad
> 0, (1.8)

the parcel continues to rise up (fall down), i.e., the background is "unstable". Using the

perfect gas law combined with the pressure equilibrium assumption, i.e., ρT = const, the
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above inequation leads to,

−dT
dz
> −

(
dT
dz

)
ad
. (1.9)

This is called the Schwarzschild criterion for convective instability1. Convection can occur

when the temperature gradient becomes steeper than that of adiabatic stratification. In

order to discuss the degree of unstableness of the solar stratification, one often reduces the

above inequation to,

δ ≡ ∇ − ∇ad > 0, (1.10)

where ∇ ≡ d lnT/d ln p is the double-logarithmic temperature gradient and δ is called

the superadiabaticity. When δ > 0(< 0), the stratification is called "superadiabatic

(subadiabatic)".

1.2.2 Mixing Length Theory

The convective energy flux is estimated based on an assumption that a convective fluid

parcel will lose its identity after moving a typical mixing-length distance lMLT, dissolving

into its surrounding and deposits its energy there (Vitense, 1953; Böhm-Vitense, 1958).

The mixing length lMLT is conventionally expressed as,

lMLT = αMLTHp, (1.11)

where Hp = −(d ln p/dz)−1 is the pressure scale height and αMLT is a constant free

parameter. In the following, we only discuss the mean quantities, aiming to derive the

1When a linear analysis for a set of hydrodynamic equations is conducted, the condition for the instability
can be derived in terms of the Brunt-Väisäilä frequency as;

N2 =
g

T

[
dT
dz
−

(
dT
dz

)
ad

]
< 0,

which is equivalent to the inequation (1.9).
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mean temperature gradient dT/dr = (∂T/∂m)c(∂r/∂m)−1.

Again, let us consider a fluid parcel that is driven by convectively-unstable background.

The mean temperature excess δT after moving a distance δz is expressed as,

∆T =

(
dTi

dz
− dT

dz

)
δz

= (∇ − ∇i)
T
Hp
δz, (1.12)

where subscripts i represents the quantities inside the fluid parcel2. Let us assume here

that the mean value of the displacement for many parcels to be half the mixing length,

⟨δz⟩ = lMLT/2. (1.13)

The enthalpy flux can then be estimated by,

Fenth = ⟨ρcpv∆T⟩

= ρcpv(∇ − ∇i)
T
Hp

lMLT
2

=
αMLT

2
ρcpvT (∇ − ∇i), (1.14)

once the convective velocity v is determined. In order to estimate the convective speed,

we consider the buoyant acceleration of the parcel. We only consider the buoyancy term

in the equation of motion to get,

∂2δz
∂t2 ≈ −g

∆ρ

ρ
= g

(
∂ ln ρ
∂ lnT

)
p

∆T
T
. (1.15)

Again the pressure equilibrium between the fluid parcel and its surrounding is assumed.

2One can consider ∇i as ∇ad to a good approximation because convective motions can transport the
internal energy adiabatically. However, strictly speaking, the parcel radiates energy into its surrounding
during its rise, which makes ∇i slightly different from the adiabatically value ∇ad.
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Integrating the above equation and substituting the equation (1.12), we get

(
∂δz
∂t

)2
≈ g

Hp

(
∂ ln ρ
∂ lnT

)
p

(∇ − ∇i)(δz)2. (1.16)

Left and right hand sides of the above equation express the mean kinetic energy gained

by the fluid parcel and the work done by buoyancy force. The mean convective speed v is

derived by multiplying the right hand side of the above equation by 1/2 and using again

l/2 for the mean of δz. Note that the custom for multiplying the right hand side by 1/2 is

to account for some expenditure of buoyancy work due to friction (Stix, 2002). Thus, we

get

v ≈ lMLT

√
g

8Hp

(
∂ ln ρ
∂ lnT

)
p

(∇ − ∇i). (1.17)

The coeffieient (∂ ln ρ/∂ lnT )p can be obtained from the equation of state. Thus, the only

free parameter remained is the mixing-length parameter αMLT. According to the procedure

described in §1.1, the internal structure can be calculated along with the convective velocity

v, the convective energy flux Fc, and the superadiabatic gradient δ.

It is noteworthy that the enthalpy flux becomes proportional to the local superadia-

baticity δ = ∇ − ∇ad as prescribed by the equation (1.14), expressing that convection is

driven by local superadiabatic gradient; if the mean stratification is subadiabatic (δ < 0),

convection cannot be driven and thus there is no convective energy transport. In this sense,

the theory outlined above is local and often called the "local mixing length theory".

Figure 1.3 (a) and (b) shows the profiles of superadiabaticity δ and convective velocity

v that are estimated based on the local mixing length theory (Christensen-Dalsgaard et al.,

1996; Stix, 2002). A typical value of the superadiabaticity within the solar convection

zone is very small O(10−6). Therefore, the stratification within the solar convection zone

is often approximated as adiabatic. As for the convective amplitude v, care must be taken

in that an arbitrary factor of 1/2 was introduced for its derivation. The convective velocity
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Figure 1.3: (a) Value of the superadiabaticity δ = ∇−∇ad and (b) mean convective velocity
v estimated by local mixing length model (Stix, 2002).
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Figure 1.4: Comparison of root-mean-square (rms) velocity profiles obtained by global
convection simulations with the velocity amplitude estimated by local mixing length
model. (a) Hydrodynamic convection simulation of Miesch et al. (2008) and (b) MHD
simulation of Hotta et al. (2016).

　　　

is typically about 50 − 100 m s−1 inside the convection zone, but increases significantly

towards the surface up to 1000−2000 m s−1, which is just one order of magnitude smaller

than the local sound speed. Figure 1.4 compares the convective velocity amplitudes

obtained by recent numerical simulations of the solar global (magneto-)convection. In
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both simulations of Miesch et al. (2008) and Hotta et al. (2016), rotational effects that are

neglected in the mixing length theory are included. Although it is shown that v is smaller

than the values obtained by numerical simulations by about 30 − 40 %, relatively good

agreement is observed between numerical simulations and the local mixing length theory.

1.3 Rotational Influences

Rotation is neglected in the mixing length model. In fact, rotational effects can change

the convective structure, re-distributes the angular momentum. As a result, the large-

scale mean flows, commonly known as differential rotation and meridional circulation,

are generated. In this section, we first review the helioseismic observational facts of the

solar differential rotation and meridional circulation, and then describe our theoretical

understanding of the maintenance mechanism of these large-scale mean flows.

Figure 1.5: helioseismic inversion of the solar internal rotation profile (Howe, 2009). The
left figure shows the contour lines of the constant angular velocity on the meridional plane
with the dashed lines at 25◦ inclined to the rotational axis. The right panel shows the
angular velocity at selected latitudes as functions of radial distance.
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1.3.1 Observations of Large-Scale Mean Flows

The spatial distribution of the solar angular velocity Ω(r, θ) is obtained by global

helioseismology. The solar interior is believed to be filled with acoustic waves originating

from the turbulent graulations at the surface. The interferences or resonances of these

acoustic waves will form global standing modes within the solar convection zone, whose

eigen frequencies can be used to probe its internal structure in the following way. If

the Sun does not rotate or rotates rigidly, the frequencies of these resonant oscillations

only depend on the spherical harmonic degree l, the radial order n, and the sound speed.

However, helioseismic measurements show small frequency splittings, called the rotational

splittings, in the azimuthal order m for the same l and n due to waves traveling in different

directions (eastward or westward). Since the frequency shifts are small compared to the

reference (spherically symmetric) frequency so that the inversions can be made, treating

them as perturbations, to infer the internal rotation profile.

Figure 1.5 shows the solar internal rotation profile; Ω(r, θ) = ⟨vϕ⟩/r sin θ. Note that,

in this section, we define ⟨ ⟩ as zonal averaging, and thus, v denotes axisymmetric mean

flows. We can see that the equator rotates faster than the polar region within the convection

zone, i.e., differential rotation, with respect to the rigidly-rotating radiation zone. There

are mainly three characteristics of the solar differential rotation profile. First, a strong

angular velocity shear is concentrated on a very thin layer at the base of the convection

zone, located around r = 0.7R⊙. This strong shear layer is called the tachocline and is

conventionally thought to be the main place where the generation of the strong toroidal

magnetic field by Ω-effect takes place (§1.4.1). Second, the contour lines of the angular

velocity are not cylindrical but conical with about 25◦ tilt to the rotational axis. This means

that the solar convection does not follow the Taylor-Proudman’s theorem which states that

the contour lines of the angular velocity must be parallel to the rotational axis under the

strong influence of the Coriolis forces. Last, the angular velocity changes significantly in

radius near the surface, consisting another shear layer called the near surface shear layer.
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Figure 1.6: Northward flow at the solar surface as a function of latitude. Thick solid line
represents the flow profile measured by tmotion-tracking of the surface magnetic elements
(Hathaway & Upton, 2014). The other lines indicate the meridional flow profiles assumed
in previous surface flux-transport model.

　　　

The axisymmetric flow in the other directions, ⟨vr⟩ and ⟨vθ⟩, is known as the meridional

circulation. The meridional circulation is much weaker mean flow compared with the

differential rotation and thus hard to measure. For example, simple estimates of the

mean kinetic energy for difefrential rotation EΩ and meridional circulation EMC leads to

EΩ/EMC ≈ 1.5 × 104 (Rempel, 2005a). Many attempts of measuring the meridional flow

have been conducted using a variety of techniques including direct Doppler measurements,

magnetic feature tracking, and local helioseismology (time-distance method). At the solar

photosphere, a poleward flow of ≈ 10− 20 m s−1 have been robustly detected as shown in

Figure 1.6. This means that the poleward flow is symmetric across the equator and usually

peaks at latitudes of about 40◦ (Giles et al., 1997).

Although it is believed that the equatorward return flow exists inside the convection

zone to meet the mass conservation, the exact structure of the deeper meridional flow

is largely unknown. Local helioseismology is the only way that can provide us the

information on the deeper meridional flow structure. However, the results highly depend

on the inversion techniques employed. Conventionally, a single-cell circulation structure

(poleward at the surface and equatorward at the base) has been assumed for solar convection
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and dynamo models for simplicity (Wang et al., 1989; Choudhuri et al., 1995; Dikpati

& Charbonneau, 1999). Indeed, Rajaguru & Antia (2015) found that the equatorward

return flow is beneath the depth of 0.77R⊙, clearly suggesting the single-cell meridional

circulation. On the other hand, Zhao et al. (2013) analyzed HMI data and reported

detecting the equatorward flow in the middle convection zone between 0.82R⊙ − 0.91R⊙,

and poleward flow again below 0.82R⊙. This observation suggests a double-cell structure

of the solar meridional circulation with the counter-clockwise circulation cell in the

upper convection zone (poleward near the surface) and the clockwise circulation cell

in the lower layer (poleward near the base). Moreover, Kholikov & Hill (2014) used

the other helioseismic measurements and also detected evidence that the latitudinal flow

changes its direction at several depths of the convection zone, supporting findings of Zhao

et al. (2013). Most recently, Jackiewicz et al. (2015) further reported that the shallow

equatorward return flow at around 0.9R⊙ can be confirmed on GONG ground-based data,

in good agreement with HMI analysis of Zhao et al. (2013), although discrepancies exist

in the deeper convection zone.

1.3.2 Turbulent Angular Momentum Transport

In this section, we describe the theoretical aspects of the solar large-scale mean

flows, i.e., the driving mechanism of differential rotation and meridional circulation. At

this end, we first explain the basics of the mean-field hydrodynamics and consider the

angular momentum transport by the Reynolds stress as a fundamental process that drives

the large-scale mean flows. We will then explain how the anisotropic turbulence under

the rotational influences can transport the angular momentum with the help of local and

glocal convection simulations.

First, we briefly review the turbulent Reynolds stress. The velocity field can be divided

into the mean and fluctuation parts,

v = ⟨v⟩ + v′, (1.18)
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where ⟨ ⟩ denotes zonal averaging. ⟨v⟩ expresses the large-scale mean flow such as differen-

tial rotation and meridional circulation and v′ denotes the fluctuating (non-axisymmetric)

velocity field with respect to the mean flows. For investigating the contribution from the

turbulence to the mean flows, we consider the mean equation of motion in a simplified

form,

ρ0
∂v

∂t
= −∇ · (ρ0v ⊗ v) + [ . . . ], (1.19)

where ρ0 is the background fluid density and [ . . . ] represents contributions from external

forces. By decomposing the velocity field into the mean (large-scale flows) and fluctuating

part (turbulence), we get

ρ0

(
∂⟨vi⟩
∂t
+
∂v′i
∂t

)
= − ∂
∂x j

[
ρ0(⟨vi⟩⟨v j⟩ + ⟨vi⟩v′j + v′i ⟨v j⟩ + v′iv′j )

]
+ [ . . . ]. (1.20)

Taking average of the above equation and applying the Reynolds averaging rules, we have

ρ0
∂⟨vi⟩
∂t
= −∇ · (ρ0⟨vi⟩⟨v j⟩) − ∇ · (ρ0⟨v′iv′j⟩) + [ . . . ], (1.21)

We can see that correlation of the turbulence ⟨v′iv′j⟩ become an additional source for the

effective stress tensor in the form of the mean momentum flux. In this paper, we define

the Reynolds stress Rik by,

Rik ≡ −ρ0⟨v′iv′k⟩. (1.22)

In general, it is known that the Reynolds stress contributes to an additional diffusion term

called turbulent diffusion or eddy diffusion. This diffusive part of the Reynolds stress can

be commonly expressed as,

R ∝ ∇⟨v⟩. (1.23)
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If turbulence is anisotropic, the Reynolds stress must have non-diffusive components that

become an additional forcing term, transporting the mean momentum in a non-diffusive

manner. Solar convection is strongly influenced by gravity and rotation, both of which

make the turbulence anisotropic.

Now, let us consider the angular momentum transport by non-diffusive components of

the Reynolds stress to see how the observed internal rotation profile as shown in Figure 1.5

is obtained. For simplicity, we assume that an azimuthal (ϕ) component of the equation

of motion has no external forcing terms, such as Lorentz force, Coriolis force, azimuthal

pressure gradient force, and viscous force. The conservation of the angular momentum

density can be expressed in the flux form as;

∂

∂t
(ρ0r sin θvϕ) + ∇ · (ρ0r sin θvmvϕ) = 0, (1.24)

where (ρ0r sin θvmvϕ) represents the angular momentum flux within a meridional plane.

By substituting

vϕ = ⟨vϕ⟩ + v′ϕ

= r sin θΩ + v′ϕ, (1.25)

vm = ⟨vm⟩ + v′m, (1.26)

and taking a zonal average of the equation (1.24), we have an equation that describes the

temporal evolution of the mean-angular momentum density,

∂

∂t
(ρ0r2 sin2 θΩ) = −∇ ·

[
ρ0r2 sin2 θ⟨vm⟩Ω + ρ0r sin θ⟨v′mv′ϕ⟩

]
. (1.27)

Here, the first term on the right hand side describes the advection of the angular momentum

by the meridional circulation, and the second term describes the angular momentum

diffusion and transport via the Reynolds stress. In order to see the properties of the
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Figure 1.7: Signs of the velocity correlations are explained for (a)(b) ⟨v′θv′ϕ⟩ and (c)(d)
⟨v′rv′ϕ⟩. Figures are taken from (a) Gilman (1983), (b) Miesch et al. (2006), (c) Busse
(2002), and (d) Gastine et al. (2013) with slight modifications.

　　　

Reynolds stress in relation to the angular momentum distribution, let us neglect the first

term on the right hand side of the equation (1.27); ⟨vm⟩ = 0.

∂

∂t
(ρ0r2 sin2 θΩ) = −∇ ·

(
ρ0r sin θ⟨v′mv′ϕ⟩

)
. (1.28)

The mean angular momentum flux contains ϕ components of the correlation tensor.

Therefore, we can readily see that if ⟨v′rv′ϕ⟩ is positive (negative), anisotropic turbulence

transports the angular momentum radially outward (inward). In the same way, if ⟨v′θv′ϕ⟩ is

positive (negative), turbulent angular momentum transport is equatorward (poleward).

16



Since the equatorial region rotates faster in our Sun, we believe that there must be a

convective structure that favorably accelerates the equator by positive ⟨v′θv′ϕ⟩. In addition,

in the low latitudes, the upper convection zone is rotating faster than near the base (see

Figure 1.5). Thus, the angular momentum may also be transported cylindrically outward

by positive ⟨v′rv′ϕ⟩. Figure 1.7 explains possible generation mechanism of these positive

correlations, ⟨v′rv′ϕ⟩ and ⟨v′θv′ϕ⟩ that are confirmed by numerical simulations (Miesch et al.,

2006; Käpylä et al., 2011; Gastine et al., 2013; Hotta et al., 2014). Firstly, positive ⟨v′θv′ϕ⟩

can be explained by a columnar convective structure that exists outside the tangential

cylinder when the convection is strongly rotationally-constrained, as shown in Figure

1.7(a). Therefore, in low to middle latitudes, a coherent north-south alignment of downflow

lanes is formed. They are often called "banana cells". As a result, coherent azimuthal

inflows into these downflow lanes provide a dominant source for the velocity correlation

⟨v′θv′ϕ⟩: In the northern hemisphere, positive (negative) v′ϕ is bent by the Coriolis force

equatorward (poleward) so that positive (negative) latitudinal velocity v′ϕ is produced.

Therefore, the correlation ⟨v′θv′ϕ⟩ becomes positive in low latitudinal region (outside the

tangential cylinder). The same argument can be applied for the southern hemisphere to

obtain a negative correlation of ⟨v′θv′ϕ⟩.

Global full-spherical convection simulations also tend to show a positive correlation

of ⟨v′rv′ϕ⟩ in the low latitudinal region. The generation process of this positive ⟨v′rv′ϕ⟩

is explained in Figure 1.7(c) and (d). The Taylor columns formed outside the tangential

cylinder are known to propagate in a prograde direction with respect to the local differential

rotation speed as a thermal Rossby wave. This is owing to their tendency to conserve the

potential vorticity under the influence of spherical geometry and density stratification

(e.g., Miesch, 2005). The convective columns eventually obtain a prograde tilt because

the thermal Rossby wave has a tendency to propagate faster on the outer-side than on the

inner-side of the convection zone (Busse, 2002). The positive correlation of ⟨v′rv′ϕ⟩ can,

therefore, be interpreted as a direct consequence of the tilted structure of the convective

columns and clearly confirmed by numerical simulation of Gastine et al. (2013).

17



Gyroscopic Pumping

The importance of the first term on the right hand side of the equation (1.27) can

be recognized when the angular momentum balance in the stationary state is discussed.

Under the assumption of the anelastic relation ∇ · (ρ0⟨vm⟩) = 0, the equation (1.27)

reduces to the so-called the "equation of gyroscopic pumping",

ρ0⟨vm⟩ · ∇⟨L⟩ = −∇ · (r sin θ ρ0⟨v′mv′ϕ⟩), (1.29)

where ⟨L⟩ ≡ r2 sin2 θΩ denotes the mean angular momentum density per unit mass. The

left and right hand sides represent the angular momentum transport by the meridional flow

and by the Reynolds stress, respectively. This equation can be used to impose constraints

on the turbulent Reynolds stress for given large-scale mean flows ⟨vm⟩ and ⟨L⟩. Refer

Bekki & Yokoyama (2017) for example.

Thermal Wind Balance

Solar differential rotation also has another interesting feature that it deviates from the

Taylor-Proudman’s theorem. In order to explain this, we derive the equation of thermal

wind balance and explain how the non-Taylor-Proudman differential rotation is achieved.

First, we write down r and θ components of the mean equation of motion. Note that, for

the sake of simplicity of notation, we are not going to write the brackets ⟨ ⟩ to specify the

mean quantities.

∂vr

∂t
= [ . . .] − 1

ρ0

(
∂p1
∂r
+ ρ1g

)
+ (2Ω0Ω1 +Ω

2
1)r sin2 θ, (1.30)

∂vθ
∂t

= [ . . .] − 1
ρ0r
∂p1
∂θ
+ (2Ω0Ω1 +Ω

2
1)r sin θ cos θ, (1.31)

where [ . . .] denotes the terms associated with advection and viscous forces, which are not

important in the following discussion. p1, ρ1, Ω1 denote the pressure fluctuation, density
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fluctuation, and angular velocity fluctuation from the spherically-symmetric background

values, respectively, whereas Ω0 denotes the background angular velocity. Note, in this

framework, the differntial rotation Ω1 and meridional circulation vr,θ are regarded as

deviations from the spherically-symmetric background with subscript 0.

By taking a rotation of this meridional motion equation, we have a ϕ component of the

vorticity equation;

∂ωϕ

∂t
=

1
r
∂

∂r

(
r
∂vθ
∂t

)
− 1

r
∂

∂θ

(
∂vr

∂t

)
= [ . . .] +

 1
ρ20

∂ρ0
∂r
∂p1
∂θ
+

g

ρ0r
∂ρ1
∂θ


+2Ω0r sin θ

(
∂Ω1
∂r

cos θ − 1
r
∂Ω1
∂θ

sin θ
)
. (1.32)

Here, the second term on the right hand side of the equation 1.32 can be expressed in

terms of entropy perturbation s1 as,

1
ρ20

∂ρ0
∂r
∂p1
∂θ
+

g

ρ0r
∂ρ1
∂θ

= − g

ρ0r

[(
∂ρ0
∂p0

)
ad

∂p1
∂θ
− ∂ρ1
∂θ

]
= − g

ρ0r

(
ρ0
γp0

∂p1
∂θ
− ∂ρ1
∂θ

)
= − g

γr
∂s1

∂θ
. (1.33)

where ( )ad represents the adiabatic background stratification. We get the equation of

thermal wind balance;

∂ωϕ

∂t
= [ . . .] + r sin θ

∂Ω2

∂z
− g

γr
∂s1
∂θ
. (1.34)

where z denotes the coordinate parallel to the rotational axis. In the case where the last term

in the right hand side becomes zero such as the case of a barotropic fluid, ∂Ω2/∂z becomes

zero in the stationary state, which is what exactly results from the Taylor-Proudman’s

theorem that the angular velocity becomes unchanged along with z-direction.
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Figure 1.8: Simulation results presented in Miesch et al. (2006), clearly representing the
thermal wind balance of the non-Taylor-Proudman differential rotation. (a) Differential
rotation profile for the case without an ad-hoc entropy variation at the base. (b) Difefrential
rotation profile for the case with entropy variation at the base. (c) Temperature perturbation
achieved in the case with entropy variation. (d) The second and (e) the third term on the
right hand side of the equation (1.34).

　　　

Since ∂Ω2/∂z is negative in the Sun, the also negative latitudinal entropy perturbation

∂s1/∂θ is theoretically predicted. In other words, the polar region should be warmer than

the equatorial region from the theoretical point of view. Rempel (2005b) conducted a

set of mean-field solar convection simulations and showed that the temperature difference

of 10K is necessary to break the Taylor-Proudman’s constraint and obtain the observed

conical profile of the solar differential rotation. In his model, the latitudinal entropy

variation is produced at the base in a self-consistent manner via the interaction of the

radial meridional flow penetrating into the subadiabatic tachocline, and spreads within the

convection zone due to the turbulent thermal diffusion. Miesch et al. (2006), on the other

hand, conducted a set of full-spherical convection simulations where the ad-hoc latitudinal

entropy gradient is added by hand at the base, and showed that the non-Taylor-Proudman

differential rotation could be achieved by thermal wind balance only when the entropy

variation at the base is included. Figure 1.8 shows their results. Note that, this time, the

latitudinal entropy variation within the whole convection zone of about 15K (same degree

20



as Rempel (2005b)’s mean-field model) is explicitly achieved via the nonlinear advection

by the convective motions.

Although there are some theories on how to produce this latitudinal entropy gradient

(Kitchatinov & Rüdiger, 1995; Masada, 2011), the exact mechanism still remains largely

unknown. The observational detection of this temperature (or entropy) perturbation still

remains a challenging task because the temperature fluctuation of 10 K is almost negligible

compared with the high background temperature of ≈ 106 K.

1.4 Magnetic Fields

The Sun has a self-generated magnetic field as greatly manifested by sunspots at the

surface. It is well known that the solar magnetic activity exhibits 11-year periodicity,

which can readily be seen by Figure 1.9; the so-called magnetic butterfly diagram. There

are several striking features in the solar magnetic activity, such as periodic reversals of

the polar fields, the emergence of sunspots in the middle latitudes, and the equatorward

propagation of the sunspot emergence latitude in each cycle. There are also well-known

observational facts called Hale’s polarity law on the hemispheric regularities and Joy’s

law on the tilts between the leading and following sunspots.

The theoretical framework for explaining all these observational facts as well as the

origin of the solar magnetism is called the solar dynamo theory, where the magnetic field

is generated and sustained by interactions between plasma flows and the magnetic field

inside the convection zone against the diffusive decay. In this section, we briefly review

the solar large- and small-scale dynamo theories.

1.4.1 Large-Scale Dynamo

Although observations of the solar surface magnetism exhibit extremely complicated

fine structures and their temporal behaviors, there also exists a coherence in the large-

scale spatial-temporal evolution. In conventional large-scale solar dynamo models, the
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Figure 1.9: Magnetic butterfly diagram of the longitudinally-averaged photospheric mag-
netic field. Positive (negative) polarities are shown by red and blue contours, respectively.
This diagram is monthly-updated by Dr. David Hathaway and available on his website.

　　　

small-scale convective processes are incorporated as the turbulent α-effect (and so on)

into the mean induction equation in order to focus on the large-scale evolution of the solar

magnetic cycle that will be compared with the observation.

In order to see how the large-scale dynamo may work, let us first decompose the

magnetic field and the velocity field into the mean and the fluctuating parts.

B = ⟨B⟩ + b′ (1.35)

v = ⟨v⟩ + v′ (1.36)

where ⟨ ⟩ denotes an ensemble averaging or zonal averaging. Now, the induction equation

can also be decomposed into mean and fluctuating parts,

∂⟨B⟩
∂t

= ∇ × (⟨v⟩ × ⟨B⟩ + ⟨v′ × b′⟩) − ∇ × (η∇ × ⟨B⟩), (1.37)

∂b′

∂t
= ∇ × (v′ × ⟨B⟩ + ⟨v⟩ × b′ + v′ × b′ − ⟨v′ × b′⟩) − ∇ × (η∇ × b′)

= ∇ × (v′ × ⟨B⟩) + L(b′). (1.38)

where η is magnetic diffusivity. From the equation (1.44), it is clear that the turbulent
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electro-motive-force (e.m.f) E ≡ ⟨v′ × b′⟩ serves as an addiaiotnal source for the mean

magnetic field generation. On the other hand, we can see from the equation (1.38) that the

generation of the fluctuating magnetism consists of the external forcing of turbulence v′

acting on the mean magnetic field ⟨B⟩ and the contribution from the other terms L which

is essentially linear with b′.

In order to discuss the large-scale magnetic behavior, represented by 11-year cycle,

a lot of investigations have been done to make the mean induction equation closed by

evaluating the turbulent e.m.f E. By taking a temporal derivative of E, we get

∂E
∂t
= ⟨v′ × ∂b

′

∂t
⟩ + ⟨∂v

′

∂t
× b′⟩

= ⟨v′ × [∇ × (v′ × ⟨B⟩)]⟩ + ⟨v′ ×L(b′)⟩ + ⟨∂v
′

∂t
× b′⟩. (1.39)

The second term represents the effect of the small-scale dynamo which we will discuss in

the next section. The third term becomes negligible if the turbulence works in a kinematic

regime and the small-scale magnetism is sub-equipartition. If we neglect these second

and third terms on the right hand side of the above equation, the turbulent e.m.f E can be

written in the following form,

E ≈ τc⟨v′ ×
[∇ × (v′ × ⟨B⟩)]⟩, (1.40)

where the correlation time τc is introduced, Under assumptions of isotropic and homoge-

neous turbulence v′, the turbulent e.m.f can further be approximated as,

E ≈ α⟨B⟩ − β∇ × ⟨B⟩, (1.41)

23



where the coefficients α and β are given as,

α = −τc
3
⟨v′ · (∇ × v′)⟩, (1.42)

β =
τc
3
⟨v′2⟩. (1.43)

Therefore, now we get,

∂⟨B⟩
∂t
= ∇ × (⟨v⟩ × ⟨B⟩ + α⟨B⟩ − ηt∇ × ⟨B⟩

)
, (1.44)

where ηt = η + β ≈ β is the turbulent diffusivity. The molecular diffusivity (η ≈

103 cm2 s−1) is almost negligible compared to the turbulent diffusivity (β ≈ 1012 cm2 s−1)

inside the solar convection zone. α is negatively proportional to the mean kinetic helicity

density of the turbulence and β is proportional to the turbulent amplitude. A series

of approximations so far is called The "first-order smoothing approximation (FOSA)" or

"second-order correlation approximation (SOCA)". The FOSA (or SOCA) can be justified

if at least one of the following three conditions are satisfied: (1) |⟨B⟩| ≫ |b′|, under which

the second term on the right hand side of the equation (1.38); (2) Rm ≪ 1, under which

the small-scale dynamo cannot grow and thus L can be ignored; (3) The strouhal number

St = τcv′/l ≪ 1, under which the term v′×b′−⟨v′×b′⟩ in the equation (1.38) is neglected.

For examining the role of the first and second term on the right hand side of the above

equation, let us consider how the axisymmetric toroidal and poloidal magnetic fields are

generated. The first term (induction term) represents the combined effects of advection,

stretching, and compression as,

∇ × (⟨v⟩ × ⟨B⟩) = −⟨v⟩ · ∇⟨B⟩ + ⟨B⟩ · ∇⟨v⟩ − ⟨B⟩(∇ · ⟨V ⟩) (1.45)

In order to be a dynamo, a mutual generation between toroidal field ⟨Bt⟩ and poloidal

fields ⟨Bp⟩ is required. It is obvious from the equation (1.45) that only the stretching

term can generate a magnetic field component from different components due to the
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large-scale velocity shear. For example, the toroidal field can be generated and amplified

by the angular velocity shear via the term ⟨Bp⟩ · ∇Ω, the so-called Ω-effect. However,

in an axisymmetric system (∂⟨·⟩/∂ϕ = 0), the toroidal field cannot be a source for the

poloidal field generation through the induction term. The importance of the α-effect lies

in that, since the direction of the e.m.f is parallel to the mean magnetic fields, the α-effect

can mutually generate the toroidal and poloidal fields from one another. In short, the

large-scale dynamo owes its existence to the α-effect not the Ω-effect.

1.4.2 Small-Scale Dynamo

A growth of the large-scale magnetic field (mutual generation between toroidal

and poloidal field) owes to the Ω-effect (driven by differential rotation) and the α-effect

(resulting from the helical turbulence). In fact, even if there is no large-scale shear or

net helicity in the turbulence, magnetic field can grow purely owing to the L term of the

equation (1.38) if the magnetic Reynolds number Rm exceeds a critical value (that typically

depends on the magnetic Prandtl number Pm = ν/η). Let us consider a simplified situation

where no large-scale magnetic field and flow exist (⟨v⟩ = ⟨B⟩ = 0) and no rotational effects

are included (non-helical turbulence). The equation describing the temporal evolution of

the small-scale magnetic field becomes linear with b′, and thus, there must be a solution

which exponentially grows. This is called the "small-scale dynamo (SSD)". The most

characteristic feature of the small-scale dynamo is that it can generate magnetic fields on

scales smaller than the energy-carrying scale of the turbulent flow.

Well-Studied SSD Regime (Pm≫ 1)

Linear growth and saturation mechanisms of the SSD should be understood differently

for low and high magnetic Prandtl number regime Pm ≪ 1 and Pm ≫ 1. In Pm ≫ 1,

the critical magnetic Reynolds number for the SSD excitation is low (Rmc ≈ 60) and

therefore its behavior can easily be tested numerically, as shown in Figure 1.10. It is
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Figure 1.10: (a) Time series of kinetic and magnetic energy for SSD simulation with
Pm = 500. Snapshots of the amplitudes of (b) the flow u and (c) the magnetic field B.
(d)(e) Schematic illustration of the kinetic and magnetic energy spectra explaining the
saturation process of SSD with Pm ≫ 1. The figures are taken from Schekochihin et al.
(2002, 2004).

　　　

found that, in the kinematic (linear growth) stage, the magnetic energy is amplified by

lagrangian stretching of field lines by turbulent flows of the viscous-scale eddies. Thus,

the growth rate is typically given by the eddy turnover time-scale v′/l, as shown in Figure

1.10 (a). In this regime, the kinetic energy spectrum is almost unaffected by the excitation

of SSD. The field lines are eventually folded many times up to where the resistive scale is

achieved in the direction of field line reversals. The nonlinear growth stage comes next,

accompanying shits of the stretching scale of field lines to a larger scale (see Figure 1.10

(d)). It finally saturates when the back-reaction by SSD affects the energy-injection scale

of the turbulence, as shown in Figure 1.10 (e).
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Not Well-Studied SSD Regime (Pm≪ 1)

However, the Sun operates in the other regime Pm ≈ 10−6 ≪ 1. For this case, the

critical Reynolds number for SSD excitation become larger Rm ≈ 200, demanding more

computational resources to make Pm sufficiently small. For this reason, little investigation

has been made on the SSD with high Re and Rm and small Pm. In fact, it is still largely

unknown how the SSD operates, whether it is driven at the inertial range of the turbulence,

how it eventually saturates in a regime relevant to the solar interior.

As we will discuss in the later paragraph, many of the numerical simulations of the

solar SSD employ artificial diffusivities without using any explicit diffusion terms, which

can numerically minimize the diffusions on the resolved scale and provide an efficient

cutoff at the grid scale (see Rempel, 2014; Hotta et al., 2015a). This numerical treatment

might lead to effective magnetic Prandtl number of order unity so that simulations must

operate in a different parameter regime from the real Sun. Interestingly, however, solar

surface simulations can so far reproduce the observed magnetic fields both qualitatively

and quantitatively at the surface (Rempel, 2014). This may indicate that what is important

in capturing the solar SSD is the effective magnetic Prandtl number Pmeff rather than the

molecular value of Pm. One possible reasoning for this is that, once the SSD is efficiently

excited within the inertial range of the turbulence, the effective viscosity is taken by the

small-scale Lorentz force and thus the molecular diffusivities may not play significant

roles anymore (discussed in detail in the later paragraphs).

Suppression Principe

In high Re and Rm regime, it is expected that the magnetic field is generated by very

small viscous-scale eddies and grows exponentially with an extremely short time-scale. In

order to have a large-scale dynamo out of the SSD in the highly-turbulent solar convection

zone, a "suppression principle" has commonly been argued (Tobias & Cattaneo, 2013;

Cattaneo & Tobias, 2014; Nigro et al., 2017). This states that, at high Rm, large-scale
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organization will exist if some mechanism controls the fluctuations at small scales. Tobias

& Cattaneo (2013); Cattaneo & Tobias (2014) have conducted a set of kinematic dynamo

simulations at high Rm and demonstrated the large-scale organization of magnetic fields

(driven by helical turbulence) can exist only when a strong large-scale shear flow exists,

which can suppress the SSD action so that the large-scale magnetic fields to be observed.

Evidence for Solar SSD I: Surface Magnetism

Partly owing to this suppression principle, the effects of the SSD has not well discussed

in relation to the large-scale dynamo theory and often neglected in the deeper convection

zone where the rotational influence becomes large (Ro ≡ v′/2Ωl is small) and the helical

turbulence can easily excite the large-scale dynamo. In fact, the importance of the SSD has

been widely recognized in explaining the observed mixed-polarity field in the photosphere

where the flows are essentially non-helical due to a sufficiently large Ro. Cattaneo

(1999) was the first to conduct a magneto-convection simulation under the Boussinesq

approximation and argued that the SSD driven by turbulent convection can indeed be

an efficient source of the observed small-scale, highly intermittent magnetic fields at

the surface. Vögler & Schüssler (2007); Pietarila Graham et al. (2010) then conducted

a more realistic solar surface convection simulations with strong density stratification

(compressibility), partial ionization, and radiative transfer included (MURaM code) to

make a quantitative comparison between simulations and observations. Compared with

the observed strength of the vertical magnetism of ≈ 60 − 80 G (Danilovic et al., 2010;

Shchukina & Trujillo Bueno, 2011; Orozco Suárez & Bellot Rubio, 2012), it is found

that the amplitudes of the simulated magnetic field appear to be insufficient; |Bz | ≈ 25G.

This discrepancy cannot be resolved even when the grid resolution is increased to better

promote the SSD. This problem turns out to be originated from the open lower boundary

condition where the horizontal magnetic field components are set to zero (field-free), i.e.,

the advection of the magnetic flux by upflows into the simulation box was not allowed.

Rempel (2014) modified and used a symmetric lower boundary condition for the magnetic
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field under the assumption that the small-scale magnetism efficiently generated by SSD in

the deeper convection zone can be advected by convective upflows from below. Finally,

It was successfully demonstrated that the observed strengths and spatial distribution of

the mixed polarity magnetic field in the solar photosphere can be well reproduced and

understood in terms of the strong SSD action.

Evidence for Solar SSD II : Recovery of Large-Scale Dynamo

If the SSD is such strong even in the deeper convection zone where the rotationally-

influenced helical turbulence can also excite the large-scale dynamo, how would the SSD

interact with the large-scale dynamo? To answer this question, Hotta et al. (2015a, 2016)

recently conducted high-resolution MHD simulations of the solar convection zone with

and without rotation. It was finally demonstrated that the small-scale dynamo can be

efficiently excited throughout the convection zone even when the rotational effects are

included. First, Hotta et al. (2015a) conduct a set of non-rotating magneto-convection

simulation covering from the base of the convection zone (r/R⊙=0.715) to the subsurface

(r/R⊙ = 0.96) is conducted to study on the effects of SSD. It is shown that the magnetic

energy becomes close to equipartition or even superequipartition with the convective

kinetic energy at small-scales. The Maxwell stress related to these strong small-scale

magnetic fields is found to act similarly to a viscous stress for convective motions so that

the convective velocities are suppressed via the Lorentz-force feedback. Based on these

findings on the properties of SSD, Hotta et al. (2016) further studied the SSD action in

a rotating system, i.e., in relation to the large-scale dynamo. They have shown that the

large-scale dynamo is initially destructed as Re and Rm are increased (diffusivities are

decreased). However, when Re and Rm are further increased (to achieve more realistic

parameter regime) and SSD becomes efficient enough, the large-scale dynamo operation is

recovered again amid of the rigorous turbulence. This is because the small-scale flows are

suppressed by the Lorentz-force of small-scale magnetism, which mimics the properties of

large diffusivity. In this way, it is demonstrated that the SSD can help building a large-scale
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dynamo, rather than destructing it. This finding, as well as the finding of Rempel (2014)’s

surface convection simulation, serves as a good evidence suggesting that the SSD action

may be very efficient inside the whole solar convection zone. In this thesis, we sill focus

on the effects of the efficient small-scale dynamo later in Chapter 2.

1.5 Convective Conundrum

So far, we review many aspects of the solar convection zone dynamics. The complicated

relations between these dynamical processes are summarized as follows. Convection is

regarded as an energy conversion from the internal energy of the superadiabatic background

stratification (sustained by the nuclear fusion at the core) to the kinetic energy of the plasma

motion. Rotational effects can re-distribute the angular momentum and produce a large-

scale velocity shear called the differential rotation, a dominant container of the kinetic

energy inside the solar convection zone. Dynamo is a process which converts the kinetic

energy to the magnetic energy3. If the kinetic energy is much larger than the magnetic

energy, dynamo can operate in a kinematic regime. Once they become comparable to each

other, however, Lorentz-force feedback emerges as another side of the dynamo action.

Viscous and Ohmic dissipations are the processes that convert the kinetic and magnetic

energies back to the internal energy.

In order to understand these nonlinear systems and reveal the origin of the cyclic

solar magnetic activity, three-dimensional (3D) full-spherical hydrodynamic (HD) or

magnetohydrodynamic (MHD) numerical simulations have been conducted and greatly

improved our understanding on the solar turbulent convection and dynamo processes (e.g.,

Glatzmaier, 1984; Miesch et al., 2000; Brun et al., 2004). However, it has recently been

recognized that the recent 3D solar convection simulations which aim to achieve more

realistic regimes with higher grid resolutions and smaller values of diffusivities tend to

3"Explosion" has also been proposed to generate strong (superequipartition) magnetic fields via the
energy conversion from the superadiabatic internal energy to the magnetic energy (Parker, 1994; Moreno-
Insertis et al., 1995; Rempel & Schüssler, 2001)
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over-estimate the convective amplitudes, which is commonly known as the "convective

conundrum" (see for example, Gizon & Birch, 2012; Hanasoge et al., 2016).

In the following subsections, we explain three evidence suggesting that the simulations

are overpowering the deep-seated large-scale convective amplitudes; anti-solar differential

rotation problem, constraints from local helioseismology, and the missing supergranulation

peak in the realistic surface convection simulations.

1.5.1 Anti-Solar Differential Rotation

The first evidence comes from the problem related to the effort to reproduce the solar

differential rotation profile. Recently, many high-resolution global simulations with solar

parameters, such as the solar luminosity L⊙ and the rotation rate Ω⊙, reported that the

anti-solar differential rotation with faster rotating pole and slowly rotating equator were

unexpectedly achieved (Gastine et al., 2013; Käpylä et al., 2014; Fan & Fang, 2014; Hotta

et al., 2015b; Karak et al., 2015). Figure 1.11(a) to (c) show an example of this; as we

decrease the viscous diffusivity ν and as a more realistic turbulent regime is achieved,

differential rotation flips to become an anti-solar (Nelson et al., 2016).

It is generally believed that the anti-solar differential rotation profile is attributed to

a large (convective) Rossby number Roc ≡ vrms/(2Ωl), which measures the effect of

convection with respect to the rotation. Figure 1.11 (d) shows that the solar/anti-solar

differential rotation regime can be clearly characterized and distinguished by Ro ≈ 1

(Gastine et al., 2013; Mabuchi et al., 2015)4. If the simulated convective velocities

are over-estimated, the Rossby number becomes large (convection is less rotationally-

constrained) and then the angular momentum is transported radially inward by the turbulent

Reynolds stress, which finally results in producing the anti-solar differential rotation profile

(Featherstone & Miesch, 2015).

In fact, most of the recent high-resolution solar convection simulations employ "tricks"

4The critical Rossby number varies by factors (between 0.2 and 5) with different simulation codes and
ambiguous definition of the Rossby number itself.
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to artificially reduce the convective speed (or the Rossby number in general) and to achieve

the solar-like differential rotation: In Nelson et al. (2013); Augustson et al. (2015); Käpylä

et al. (2017a), rotation rate is increased typically up to three times faster than the solar

rotation rate Ω⊙. However, this treatment naturally tends to make the reversal periods

of the large-scale dynamo shorter and make a quantitative comparison with observations

difficult. Another treatment is to use a smaller value for the luminosity (equivalent to

the energy flux injected from the radiation zone), by which the constraint of the enthalpy

flux is significantly relaxed (Guerrero et al., 2013; Käpylä et al., 2014; Fan & Fang, 2014;

Hotta et al., 2015b). There are also other ways to produce the solar-like differential rotation

for the solar parameters L⊙ and Ω⊙ by increasing diffusivities ν or κ. In order to keep

turbulent features of the convective flows while staying in the solar-like differential rotation

regime, the background thermal conductivity is sometimes increased (Fan & Fang, 2014;

Hotta et al., 2016). However, this treatment also has a negative impact on the thermal

wind balance of the differential rotation, because the temperature field is highly diffusive

and anisotropic heat transport becomes strongly inefficient. In summary, none of these
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Figure 1.11: Time-averaged differential rotation profiles for (a) high viscosity, (b) medium
viscosity, and (c) low viscosity cases with fixed rotation rate (Nelson et al., 2016). A clear
transition from solar-like to anti-solar-like differential rotation can be observed as viscosity
ν is decreased. (d) Differential rotation regime represented by ∆Ωeq/Ω0 as a function of
the convective Rossby number Roc = vrms/(2Ω0l) (Mabuchi et al., 2015). The transition
between solar-like and anti-solar-like differential rotation for both magnetized and non-
magnetized stars can be characterized by Roc
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treatments can capture the realistic turbulent solar convection along with the observed

differential rotation.

The problem originates from the natural tendency of numerical simulations to overes-

timate the convective amplitudes. This problem eventually makes the numerical studies

on the solar MHD dynamo (driven by the observed differential rotation) with realistic

turbulent parameter regime virtually impossible. We believe therefore that if the problem

of too strong simulated convection is solved, it will highly contribute to alleviating the

problem of anti-solar differential rotation simultaneously.

1.5.2 Local Helioseismology

From the observational side, subsurface convective flows are investigated by local

helioseismology, in which the propagation characteristics of the locally-excited acoustic

waves are studied. Using techniques of time-distance helioseismology (Duvall et al.,

1993), Hanasoge et al. (2012) analyzed HMI observations to measure east-west travel time

differences that are dominated by stochastic noise owing to the incoherent superposition of

solar acoustic waves. Hanasoge et al. (2012) inferred that the upper limit for longitudinal

subsurface (r/R⊙ = 0.92, 0.96) convective velocity amplitudes for spherical harmonic

degree l < 60 is orders of magnitude smaller than what is typically predicted by mixing-

length theory and by global convection simulations (Miesch et al., 2008; Ghizaru et al.,

2010; Käpylä et al., 2010; Hotta et al., 2014). However, care must be taken in that results

of local helioseismology depends on the inversion and observation technique employed.

For example, Hathaway et al. (2013) detected the giant cell (l ≈ 10) flow signals with the

typical amplitude of 8 − 20 m s−1 using supergranulation tracking, which is still an order

smaller than what is achieved in simulations. Moreover, using a new implementation of

ring-diagram analysis, Greer et al. (2015) instead found the convective velocity amplitudes

much larger than those deduced by Hanasoge et al. (2012) and quite consistent with global

simulation results or theoretical models.
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Figure 1.12 presents a comparison of the subsurface (r/R⊙ = 0.95) horizontal velocity

spectra between local helioseismic observations (orange: Hanasoge et al. (2012), red:

Greer et al. (2015)) and global rotating convection simulations (green: ASH simulation of

Miesch et al. (2008), purple: Rayleigh simulation). Horizontally over-plotted dotted lines

represent the theoretically-estimated lower limits of the convective velocities obtained by

Miesch et al. (2012): They derived the amplitude of the Reynolds stress that is required

to maintain the observed large-scale mean flows (differential rotation and meridional
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Figure 1.12: Comparison of horizontal velocity spectra at r/R⊙ = 0.96 as a function of
harmonic degree l. The orange curve denotes the upper limit deduced by deep-focusing
time-distance analysis (Hanasoge et al., 2012). The red curve represents the amplitude
calculated using ring-diagram analysis (Greer et al., 2015). The green and purple curves
are the results from global convection simulations using ASH code (Miesch et al., 2008)
and by Rayleigh code (Greer et al., 2015). The horizontal dotted lines represent the lower
limit of the convective amplitudes at lower (r/R⊙) and upper (r/R⊙ = 0.95) convection
zone calculated by Miesch et al. (2012). Figure is taken from Greer et al. (2015) with
slight modifications.
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circulation) by carefully examining the equation of "gyroscopic pumping" (1.29). The

theoretical lower limits of the convective velocities are 8 m s−1 in the deeper convection

zone (r/R⊙ ≈ 0.75) and 30 m s−1 in the upper convection zone (r/R⊙ ≈ 0.95), both

corresponding to large and small scale flow amplitudes. It is obvious that the observational

upper limit of Hanasoge et al. (2012) is substantially smaller than the theoretical lower

limit calculated by Miesch et al. (2012).

1.5.3 Surface Convection Simulation

Discrepancies between observations and simulations are not only found in global

convection simulations but also in the realistic surface convection simulations. As already

described in §1.4.1, MURaM code can successfully reproduce the observed properties of

magneto-convection at granular scale. Therefore, a natural extension would be to study

the origin of the supergranulation as a next step. As the numerical domain is extended both

horizontally and vertically, however, it was found that the simulations tend to overestimate

the low wavenumber power, especially on scales larger than supergranulation l < 120

(Lord et al., 2014). This can be clearly confirmed in Figure 1.13. As a result, the

supergranulation cannot be reproduced even when the realistic effects of partial ionization

are included. Note that the stagger simulation appears to have decreased large-scale power

(l ≈ 200) but this simulation is 20 Mm deep and the power spectrum compares well to the

MURaM simulation up to this depth.

The discrepancy of low wavenumber power might be due to a large convective driving

at deeper convection zone; Lord et al. (2014) successfully demonstrated a theoretical

model of the horizontal velocity power spectrum that is composed of hierarchical layers,

each with its own driving scale comparable to the four local density scale height. To

quantitatively evaluate the excess in the low wavenumber power, Lord et al. (2014) showed

that the observed surface spectrum can be reproduced if the convective flow amplitude is

selectively suppressed below a depth of 10 Mm by a factor of 2.5 using an artificial energy
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Figure 6.1 The horizontal velocity spectrum at 0.98Rsun in a global simulation without rotation
(dashed blue curve) using the reduced speed of sound technique (RSST Hotta et al., 2014), a global
simulation with rotation (dot-dash orange curve) using the ASH code (Miesch et al., 2008), a local
area simulation using the stagger code (dotted red curve, Gizon & Birch, 2012; Stein & Nordlund,
2006), and the MURaM reference simulation (solid black curve). We also show the upper limit from
time-distance helioseismic measurements of the large-scale flows (Hanasoge et al., 2010, 2012). We
note that the stagger simulation appears to have decreased large-scale power but this simulation
is 20 Mm deep and the power spectrum compares well to 20 Mm deep MURaM simulations. We
would expect a stagger simulation with increased depth to have excess low wavenumber power as
in the 49 Mm deep MURaM reference simualtion.
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Figure 6.1 The horizontal velocity spectrum at 0.98Rsun in a global simulation without rotation
(dashed blue curve) using the reduced speed of sound technique (RSST Hotta et al., 2014), a global
simulation with rotation (dot-dash orange curve) using the ASH code (Miesch et al., 2008), a local
area simulation using the stagger code (dotted red curve, Gizon & Birch, 2012; Stein & Nordlund,
2006), and the MURaM reference simulation (solid black curve). We also show the upper limit from
time-distance helioseismic measurements of the large-scale flows (Hanasoge et al., 2010, 2012). We
note that the stagger simulation appears to have decreased large-scale power but this simulation
is 20 Mm deep and the power spectrum compares well to 20 Mm deep MURaM simulations. We
would expect a stagger simulation with increased depth to have excess low wavenumber power as
in the 49 Mm deep MURaM reference simualtion.
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Figure 1.13: Comparison of the horizontal subsurface velocity power (ρ0v
2
ϕ/2) spectra on

a horizontally-logarithmic scale. On the high wavenumber, the results of the local surface
convection simulations are additionally included. The blue line represents the horizontal
kinetic energy spectrum of Hotta et al. (2014) at r/R⊙ = 0.98. Note that this is a global
non-rotating hydrodynamic simulation where the sound speed is artificially reduced in
the deeper convection zone. The orange curve represents that of Miesch et al. (2008) at
r/R⊙ = 0.98. Note that this is an anelastic rotating global hydrodynamic simulation. The
red line represents that of Stein & Nordlund (2006); Gizon & Birch (2012) at the depth 14
Mm below the photosphere. Note that this is a realistic radiative compressible simulation
with the numerical domain consists of a box extending 962 × 20 Mm3. The black solid
line represents the result of MURaM simulation of Lord et al. (2014) at the depth 14 Mm
below the photosphere. Realistic physics are included as same as Stagger code, but this
time, the numerical domain is extended up to 1962 × 49 Mm3. The upper limit from the
time-distance helioseismic measurement is also shown by black dotted line (Hanasoge
et al., 2012). The figure is taken from Lord (2014) with slight modifications.

　　　

flux, as shown in Figure 1.14. It is argued that if the large-scale deep convective amplitude

is very small as suggested by observation, the enthalpy flux must be transported by small-

scale motions. Therefore, some mechanism to keep the small-scale velocity-temperature

correlation is required.

Similar conclusions are also reached with different numerical approaches. Using a
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(a) Profile of the artificial flux (b) Photospheric velocity power spectrum

Figure 1.14: (a) Profiles of the enthalpy flux (solid) and artificial energy flux (dashed).
(b) Results of the subsurface horizontal velocity power spectra of MURaM simulations
without (red) and with (blue) artificial energy flux. For comparison, the observed spectrum
is also shown by black dotted line. A vertical dotted line represents the largest driving
scale of convection that is determined by the vertical box size (49 Mm). The figures are
taken from Lord (2014).

　　　

simplified anelastic convection model with the Newtonian cooling term, Cossette & Rast

(2016) have demonstrated that the supergranulation(-like) peak in the spectrum is obtained

when the stratification in the deeper convection zone is very close to adiabatic and deep

convective driving is accordingly highly suppressed. Featherstone & Hindman (2016)

conducted a set of global hydrodynamic simulations to show that the decrease in the

diffusivities (ν and κ thus higher Rayleigh number Ra) can distribute more kinetic energy

to smaller scales so that the large-scale power is suppressed under a condition that the

total kinetic energy conserves5. In summary, in order to transport the convective energy

at small scales even in the deeper convection zone, the large flow-temperature correlation

should be somehow maintained at small-scales.

It has been repeatedly argued that the solar convection might be driven by surface

cooling rather than heating from below (Stein & Nordlund, 1989; Spruit, 1997; Stein

& Nordlund, 1998), in which small-scale low-entropy fluid parcels originating from the

strong cooling layer at the surface can serve as a significant contributor to the net upward

5Note that this global energy conservation in Featherstone & Hindman (2016) comes from their special
upper boundary condition where the energy is transported by thermal conductive flux at the surface.
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transport of the enthalpy. Flows even in the deeper convection zone might be driven

nonlocally through the low entropy fluids from the surface in this picture. If such low-

entropy contributions are poorly captured in the numerical simulations due to limited

grid-resolutions, this may be compensated for by a strong excitation of large-scale flows

in the deeper layer that is driven by highly superadiabatic stratification. In order to

describe these non-local effects, Brandenburg (2016) recently modified the expression of

the enthalpy flux in the mixing length theory by additionally considering the so-called

"Deardorff term", through which the enthalpy can be transported upward even if the mean

stratification is subadiabatic.

1.6 Motivation and Aims of this Thesis

The problem described in the previous section suggests the existence of some physical

processes that recent global (M)HD simulations neglected or just could not capture well

enough. It has sometimes been argued that an artificial impenetrable upper boundary

condition employed in the global convection simulations might be one possible culprit:

This treatment naturally neglects a significant contribution to the convective heat transport

by cold downflow plumes originating from the surface granulation or supergranulation

(Nelson et al., 2016).

In this thesis, we are going to focus on another plausible solution to the problem:

efficient small-scale dynamo. The effects of small-scale magnetic fields are not included

in the hydrodynamic (HD) simulations, and even for MHD case, it is highly likely that

most global simulations have insufficient resolution to achieve a large enough Re and

Rm to resolve the inertial range of the turbulence, which is essential for the efficient

small-scale dynamo operation. In fact, there still exists a resolution dependence of the

small-scale dynamo effects even in the highest-resolution simulations of Hotta et al.

(2015a). Therefore, a model is required to investigate an asymptotic state; what happens

if the small-scale dynamo is fully excited up to its saturation level.
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As discussed in §1.4.2, if the solar convection zone is filled with strong small-scale

magnetism, the essentially magnetized convection can operate in an effectively high-Pr

regime. Therefore, we decide to model the small-scale dynamo effects as an increase in

the effective Prandtl number. Motivated by the convective conundrum, our study contains

the following three aims:

• To propose a convective velocity suppression mechanism that can be achieved in an

effectively high-Pr regime.

• To demonstrate and evaluate the proposed suppression process by conducting a set

of non-rotating convection simulations.

• To investigate the rotational influences in the effectively high-Pr thermal convec-

tion, especially focusing on how the angular momentum transport is affected in an

effectively high-Pr regime.

At this end, we lay out the remainder of this thesis as follows. We newly propose

a possible suppression process of the convective amplitude that can alleviate the huge

discrepancy in the velocity spectra between observations and simulations in Chapter 2.

The model is examined first by non-rotating and then by rotating simplified convection

simulations. Chapter 3 presents the numerical setup of our local-box simulations. The non-

rotating results are described in Chapter 4, confirming the existence of an above velocity

suppression mechanism. The rotational effects are carefully examined in Chapter 5 to

check whether or not the convective velocity can be suppressed even under the rotational

influences in the high-Pr regime via the enhancement of the subadiabatic layer. The

consequences of high-Pr on the mean angular momentum transport by the Reynolds stress

are also discussed in Chapter 5. In Chapter 6, our results are compared with the global

full-spherical convection simulations, and possible implications on the solar convection

zone dynamics are discussed. Finally, the summary and conclusions, as well as the future

prospects, are given in Chapter 7.
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Chapter 2

Convective Velocity Suppression Model

After examining possible effects of a decrease in the effective thermal diffusivity that

can be brought about by small-scale magnetism, we argue here that the convective velocity

can be suppressed via the enhancement of a weakly subadiabatic layer near in the lower

half of the convection zone.

2.1 Effectively High Prandtl Number Convection

An important implication of the efficient SSD on the solar thermal convection is presented

in Hotta et al. (2015a) and then investigated by O’Mara et al. (2016): Figure 2.1 compares

the kinetic energy spectra and entropy spectra for hydrodynamic (HD) simulations and

magnetohydrodynamic (MHD) simulations, in latter of which the effects of the SSD

are included. As for the kinetic energy, it is shown that an inclusion of magnetic field

reduces the convective amplitudes at small-scales where the magnetic energy becomes

superequipartition. It can be argued that the effective viscous dissipation scale of the

velocity (scale at which deviation from the Kolmogorov-type spectrum occurs) shifts to a

larger scale owing to the small-scale Lorentz-force feedback; the effective viscosity νeff is

enhanced. On the other hand, the entropy spectra shift towards smaller scales, strikingly

in contrast to the kinetic energy. This is because the horizontal turbulent mixing of the

entropy perturbations between warm upflows and cold downflows is reduced. In this sense,

41



(a) (b)

(c) (d)

(e) (f)

Kinetic	energy	spectra Entropy	spectra
to
p

m
id
dl
e

bo
tt
om

Emag

MHD

HD
HD

MHD

Figure 2.1: Spectra of the kinetic and magnetic energies (left panels) and entropy (right
panels) at each depths of the convection zone, taken from the high-resolution SSD simu-
lation of Hotta et al. (2015a). Red and black lines represent the results with and without
magnetic fields. Vertical dotted lines represent the wavenumber on scale smaller than
which the magnetic energy becomes superequipartition at each depth.

　　　

it can similarly be argued that the effective thermal diffusivity κeff is reduced. Therefore,

the effective Ptandtl number Preff ≡ νeff/κeff is increased if the solar convection zone is

filled with strong (close to equipartition) small-scale magnetic fields.
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The SSD action is more efficient in a deeper convection zone, which is represented by

a shift of the equipartition wavenumber (dotted lines) to a larger scale. This is mainly due

to the fact that the amplification of the magnetic energy by the field-line stretching mostly

occurs in downflows, which transport the net magnetic energy downward. Thus, it is also

implied that the effective Prandtl number may be larger in the deeper convection zone,

although we will not consider this spatial dependence of the effective Prandtl number in

this thesis.

Lastly, small-scale dynamo simulations of Hotta et al. (2015a) also revealed that the

horizontal root-mean-square (rms) velocity is drastically decreased compared with the

vertical one, which leads to the main reduction of the "horizontal" heat transport by

turbulence. This effect of anisotropic heat transport will be taken into account in our

model.

2.2 Enhancement of the Subadiabatic Layer

Figure 2.2 shows a schematic illustration of this process which is explained as

follows. If thermal diffusivity κ is reduced, cold downflows become able to fall down

without losing their large thermal contents via the thermal diffusion so that the low

entropy fluids are transported more adiabatically to the bottom. Note that continuous

depositions of the low entropy near the bottom may naturally form a weakly-subadiabatic

(convectively-stable) layer. The formation of this subadiabatic layer near the base would

be therefore enhanced and extended in low-κ (and thus high-Pr) regime. The influence

of the mean entropy stratification on convection is evaluated by superadiabaticity δ ≡

∇ − ∇ad with ∇ ≡ d lnT/d ln p. The final value of subadiabaticity (δ < 0) near the base

achieved in a statistically-stationary convection would be determined by a balance between

a continuous supply of low entropy by downflows and suppressions of downflows which in

turn limits the amount of low entropy supply. Note that if κ is relatively large, a relaxation

effect by the vertical thermal conduction also enters this balance. The enhanced and
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Figure 2.2: Schematic illustration of the velocity suppression mechanism in low-κ (high-
Pr) thermal convection. The upper panels show the evolution of cold downflowing plumes
with the expected background subadiabatic stratification overplotted. The size of a cloud
represents the amplitude of the entropy perturbation of the downflows. For simplicity of
the figures, highly superadiabatic surface layers are neglected. The lower panels show the
expected mean entropy profiles for both small- and large-Pr cases.

　　　

extended subadiabatic layer in the lower convection zone may have a considerable impact

on suppressing global convective amplitudes: it not only suppresses the vertical motions

locally through the buoyant deceleration but it can also limit the global convective mode

to shallower scales (Käpylä et al., 2017b) which then leads to a reduction of the global

convective velocity.

Let us distinguish this convective velocity suppression via the change of Pr from the

direct suppression due to the Lorentz force by referring the former suppression process as a

thermal effect and the latter as dynamical. Through the dynamical effect, the kinetic energy

of the convective flows can be reduced via the energy exchanges between the dynamo-

generated magnetic energy. The importance of the thermal effect via the decrease in κSGS

is significant because it describes that the reduction in the kinetic energy can also result

from an increase in the internal energy. Since the internal energy is far larger than both
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the kinetic and the magnetic energy in the deep convection zone owing to a very small

Mach number (M2 ∼ 10−7) and a very large plasma beta (β ∼ 106) (Ossendrijver, 2003),

the thermal effect will offer another possibility to resolve the huge discrepancies between

simulations and observations.

In order to further discriminate several thermal effects operating in the low-κ regime,

it is instructive to define the horizontal and vertical thermal diffusivities, κH and κV and

discuss the thermal diffusion in each of the directions. We consider that the decrease

in κH is essential for downflows to retain their large amount of entropy deficits and to

achieve a mean entropy stratification which is more subadiabatic near the base. However,

κV also has several important effects that can influence the proposed velocity suppression

mechanism. Near the top and bottom boundaries, a decrease in κV prohibits the vertical

relaxation of the mean entropy stratification, leading to a more subadiabatic base and more

superadiabatic surface. Moreover, near the surface layer where convection is continuously

driven, the decrease in κV has another significant effect in increasing the Rayleigh number

(Ra ∝ 1/κV) and thus increasing the degree of turbulence there.

In the previous numerical studies of compressible thermal convection with Pr larger

than unity, the thermal diffusion has been treated isotropically (Warnecke et al., 2014;

O’Mara et al., 2016; Käpylä et al., 2017a), and thus, all of the thermal effects described

above are simultaneously included. However, Hotta et al. (2015a) revealed that the small-

scale magnetism tends to make the small-scale motions highly anisotropic, suggesting

that the SGS turbulent transport coefficients should also be anisotropic: More precisely,

a main decrease in κH is inferred. In order to distinguish the different thermal effects

and to investigate the influence of κH on the proposed velocity suppression mechanism,

the anisotropy in the thermal diffusion is necessary. We thus conduct a set of high-Pr

convection simulations to numerically confirm that the enhanced subadiabatic layer can

suppress the global convective amplitude with anisotropic thermal diffusion included.
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Chapter 3

Simulation Setup

In this investigation, we solve the three-dimensional hydrodynamic equations with

Cartesian coordinate (x, y, z). In Chapter 4, non-rotating convection simulations are

performed. Then, rotation is included in Chapter 5 as a local f -plane box model. The

model has been repeatedly used in previous studies to derive the turbulent transport

coefficients at different latitudes, by bypassing the difficulties of spherical geometry and

restricting the numerical resources to a small cartesian domain (Pulkkinen et al., 1993;

Brummell et al., 1996, 1998; Chan, 2001; Käpylä et al., 2004; Hupfer et al., 2005).

3.1 Basic equations

In our definition, x-axis points from west to east, y-axis from south to north, and z-axis

is directed vertically upward, anti-parallel to the gravity. The basic equations consist of the

equation of continuity, the equation of motion, the equation of entropy, and the equation
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of state,

∂ρ1

∂t
= −∇ · [(ρ0 + ρ1)v], (3.1)

∂v

∂t
= −v · ∇v − ∇p1

ρ0
− ρ1

ρ0
gez − 2Ω × v + 1

ρ0
∇ · Π, (3.2)

∂s
∂t
= −v · ∇s +

1
ρ0T0
∇ · (ρ0T0κ · ∇s) +

γ − 1
p0

(Qvis +Qheat +Qcool), (3.3)

p1 = p0

(
γ
ρ1

ρ0
+ s

)
. (3.4)

Here, ρ0(z), p0(z), and T0(z) denote time-independent reference state values of den-

sity, pressure, and temperature, respectively. The reference state is assumed to be in an

adiabatically-stratified hydrostatic equilibrium. The thermodynamic variables with sub-

script 1, ρ1 , p1 , and T1 represent perturbations from the reference state that are small

compared with background values so that the equation of state are linearized. Note that

the entropy s is normalized by the specific heat capacity at constant volume cv and the

ideal gas is assumed for the ratio of specific heats, γ = 5/3. g (> 0) denotes the gravita-

tional acceleration and is assumed to be constant in space. The rotational influences are

incorporated in this model by considering the Coriolis force in the equation of motion1,

where the angular velocity as a function of latitude Θ is given asΩ = Ω0(0, cosΘ, sinΘ)

as shown in Figure 3.1.

The reference state quantities are given in the following forms that are identical to Fan

1The Coriolis force is much more important than the centrifugal force inside the solar convection zone,
since it has to become significantly large when the turbulent velocity becomes large. The centrifugal force,
on the other hand, is a potential force and almost negligible to the other potential force, gravity. Although
the centrifugal force may slightly change the background hydrostatic balance, we omit this term in this study
for simplicity.
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Figure 3.1: A local f -plane box positioned at latitude Θ. The box consists a portion of a
spherical shell that is rotating with the angular velocity Ω0.

　　　

et al. (2003),

ρ0(z) = ρr

[
1 − z

(1 + m)Hr

]m

, (3.5)

p0(z) = pr

[
1 − z

(1 + m)Hr

]1+m

, (3.6)

T0(z) = Tr

[
1 − z

(1 + m)Hr

]
, (3.7)

H0(z) =
p0
ρ0g
, (3.8)

where ρr, pr, Tr, and Hr denote the values of ρ0, p0, T0, and the pressure scale height H0

evaluated at the bottom z = 0, respectively. Polytropic index m takes an adiabatic value

m = 1/(γ − 1).

49



3.2 Sub-Grid-Scale Diffusivities

Π denotes the viscous stress tensor and Qvis is the amount of dissipated energy which

is converted from kinetic energy into internal energy. They are given by,

Πi j = ρ0ν

[
∂vi

∂x j
+
∂v j

∂xi
− 2

3
(∇ · v)δi j

]
, (3.9)

Qvis =
∑
i, j

Πi j
∂vi

∂x j
, (3.10)

where ν and δi j are the coefficient of kinetic viscosity and the Kronecker delta, respectively.

Note that, for the sake of simplicity, we try to model the Maxwell stress on scales smaller

than the grid resolution (sub-grid-scale) Mi j ≡ b′ib
′
j/4π by the viscous stress on the resolved

scale Πi j . Here, ¯ represents an ensemble average on sub-grid-scale so that v = v, B = 0.

Therefore, the coefficient ν should be regarded as a diffusive coefficient of an effective

viscosity which mimics the small-scale magnetic tension force.

On the other hand, the thermal diffusivity κ is regarded as a sub-grid-scale eddy

diffusivity reflecting the heat transport by unresolved turbulent motions that are subject to

a strong Lorentz-force feedback of superequipartition small-scale magnetic fields. Small-

scale dynamo simulations of Hotta et al. (2015a) showed that the small-scale magnetism

has a significant effect in suppressing the “horizontal” root-mean-square (rms) velocity,

and as a result, the horizontal turbulent heat transport is greatly reduced. This means

that the effective thermal diffusivity κ should be suppressed in a horizontal direction

when we take into account the unresolved turbulent motions that are magnetized. We,

therefore, introduce the anisotropic sub-grid-scale thermal diffusion by expressing the

thermal diffusivity tensor κ as,

κ =


κH 0

κH

0 κV


. (3.11)
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Here, κH and κV are the horizontal and vertical thermal diffusivities, respectively. In

most of the calculations performed in Chapter 4, both ν and κH,V are assumed to have the

following height dependence,

ν(z)
νr
=
κH(z)
κHr

=
κV(z)
κVr

=

(
ρ0(z)
ρr

)−1/2
. (3.12)

The same functional form has been commonly employed in the Anelastic Spherical Har-

monics simulations (Miesch et al., 2000; Brun et al., 2004). In order to assess the effect of

the spatial distribution of these SGS diffusivities, we also performed a set of simulations

mainly in Chapter 5 with the spatially-constant diffusivities ν(z) = νr, κH(z) = κV(z) = κr.

The sub-grid scale that we are considering in this study represents a scale smaller than

that at which the magnetic energy excited by small-scale dynamos exceeds the kinetic

energy of the turbulent flows (let us call this scale “SSD scale” hereafter). We compute the

convective motions on scales larger than SSD scale, assuming that the small-scale magnetic

fields have little direct influence on these scales. Typically, SSD scale is expected to lie

between the inertial range of the turbulent flows (Hotta et al., 2015a, 2016) so that the

moderate Reynolds number is enough for this study. It should be emphasized that we do not

aim at any realistic solar magneto-convection simulations with this model but rather study

the physical processes of convective velocity suppression and its relation to the rotational

influences under a simplifying assumption that the effects of small-scale magnetism can

be modeled as sub-grid-scale diffusivities.

3.3 Radiative Energy Fluxes

In our model, the convectively unstable stratification is formed by injecting the artificial

radiative energy flux F∗ from the bottom and extracting the same amount of energy flux

through the upper boundary. For specifying the radiative heating term, the functional form

presented in Featherstone & Hindman (2016) is adopted which can mimic the normalized
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Figure 3.2: Profiles of the background radiative heating and surface cooling terms. (a)
Energy fluxes and (b) source functions.

　　　

radiative energy flux tabulated in a standard solar model. The radiative heating Qheat is

assumed to be proportional to the background pressure,

Qheat(z) = α[p0(z) − p0(zmax)], (3.13)

where the normalization factor α is specified by the input energy flux F∗ as,

α = F∗

[∫ zmax

0
(p0(z) − p0(zmax))dz

]−1
. (3.14)

The radiative energy flux Fr is then defined as,

Fr(z) = F∗ −
∫ z

0
Qheat(z′)dz′. (3.15)

The radiative cooling term at the surface Qcool is given in a similar form to Hotta et al.
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(2014) as,

Qcool = −
∂

∂z
Fsf (z), (3.16)

Fsf (z) = F∗ exp
−

(
z − zmax
H0(zmax)

)2 . (3.17)

Therefore, the cooling effect is localized near the top boundary and the thickness of the

upper thermal boundary layer is mostly set by the local pressure scale height there as

shown in Figure 3.2.

3.4 Numerical Method

We solve the equations (3.1)-(3.3) numerically with periodic boundary conditions

for horizontal directions (at x = 0, xmax and y = 0, ymax) and impenetrable, stress-free

boundary conditions for lower and upper boundaries (z = 0, zmax). The free boundary

condition is applied for density and entropy, i.e., ∂ρ1/∂z = 0, ∂s/∂z = 0 at the top

and the bottom. In most of our calculations, the size of the numerical domain is set by

xmax = ymax = 8.72 Hr and zmax = 2.18 Hr. The vertical domain spans 3 density scale

heights with 20 density contrasts.

The magnitude of sub-grid-scale diffusivities are measured by the Reynolds number

at the base,

Re∗ ≡ v∗Hr/νr. (3.18)

Here, the velocity scale is estimated based on the input energy flux as,

v∗ ≡ (F∗/ρr)1/3. (3.19)

The energy flux F∗ is determined by specifying the modified Mach number M∗ which is
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defined as,

M∗ ≡ v∗/
√

pr/ρr. (3.20)

Here, we set M∗ = 1 × 10−2. With this numerical setup, the subsequent amplitudes of the

dimensionless entropy or the superadiabatic gradient would be on the order of O(M2
∗ ).

The assumption of linearized equation of state is verified considering that ρ1/ρr ≈ p1/pr ≈

M2
∗ = 10−4. The Prandtl number which, in our simulations, is defined distinctly for both

horizontally and vertically as,

PrH ≡ νr/κHr , (3.21)

PrV ≡ νr/κVr . (3.22)

The rotational influence is measured by the box latitude Θ and the Rossby number that is

constructed with the input parameters by,

Ro∗ ≡ v∗/(2Ω0Hr). (3.23)

These free parameters Re∗, PrV,H, Θ, and Ro∗ will each be specified in the later Chapters.

We should emphasize here that the kinetic viscosity ν is kept fixed in all simulations

and we only change κH and κV. In fact, the SGS ν should also increase due to the Lorentz-

force of the small-scale magnetic fields. However, the dynamical effect originating from

the change in ν is not considered and only the thermal effect is investigated in this study,

which may underestimate the degree of velocity suppression.

We use the fourth-order centered-differencing method for space and the fourth-order

Runge-Kutta scheme for the time-integration (Vögler et al., 2005). The same artificial

viscosity used in Rempel (2014) are implemented and added to velocity fields to stabilize

numerical computations. The code is parallelized using message passing interface (MPI).

In most of our calculations, a uniform resolution of 2882 × 72 is used. Each simulation
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is initiated by giving a small random perturbation for vertical velocity vz with the other

variables ρ1, vx , vy, and s set to zero.
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Chapter 4

Non-Rotating Convection Simulation

One of the main aims of this chapter is to demonstrate the convective velocity suppression

mechanism that we proposed in the previous Chapter 2 by means of numerical simulations.

We also investigate the effects of the anisotropy in the thermal conduction that can be

brought about by small-scale magnetism by conducting a set of non-rotating convection

simulations for different values of the Prandtl numbers PrH and PrV. In the latter half of

this chapter, we discuss the possible implications to the solar convective conundrum based

on the results of parameter surveys on the Prandtl number. The validity of our model and

possible rotational influences are also discussed at the last of this chapter.

4.1 Overview

Now, we set Ω0 = 0, thus, Ro∗ = ∞. For this investigation, the radial dependence of

the SGS diffusivities expressed in the equation (3.12) are used, which makes the bottom

convection zone least diffusive. At this end, we set Re∗ = 70. The horizontal and vertical

Prandtl numbers are treated as free parameters in this study, as listed in Table 4.1.
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Table 4.1: List of parameters used and calculated in our model.

Run PrH PrV Re ∆⟨s⟩/M2
∗ δsub/M2

∗ zδ=0/Hr vrms/v∗ Ekin/(F∗H3
r /v∗)

H1V1 1 1 : 38.09 71.29 -2.49 0.74 1.47 67.79
H2V2 2 2 : 32.96 80.23 -3.48 0.78 1.32 52.01
H6V6 6 6 : 28.70 96.80 -5.83 0.90 1.19 40.41
H1V6 1 6 : 36.39 104.22 -4.21 0.74 1.44 62.77
H6V1 6 1 : 30.64 65.99 -3.55 0.80 1.23 44.98

Note. Horizontal and vertical Prandtl number PrH and PrV are the free parameters in this study. Re is
the volume-averaged effective Reynolds number defined by equation (4.6). ∆⟨s⟩ = |max⟨s⟩ − min⟨s⟩|
measures the entropy difference across the numerical domain. δsub denotes the minimum superadia-
baticity that is usually achieved near the base. zδ=0 represents the depth where the superadiabaticity
changes from negative to positive value. vrms here denotes the volume-averaged rms velocity in each
case. Ekin is the total kinetic energy in a stationary state. These values are calculated by taking temporal
averages over around 20 Hr/v∗ simulation time.

4.1.1 Development of Convection

First, let us review the time evolution of the system. In the following, we use the linear

approximation for thermodynamic variables and also omit terms proportional to ∇ · (ρ0v)

that are small for low Mach number flows. From equations (3.2) and (3.3), the energy

equation is derived as,

∂

∂t

(
ρ0
2
v2 + ρ0T0cvs

)
= −∇ ·

[(
p0
γ − 1

s + p1

)
v

]
− ∇ ·

(
ρ0
2
|v2 |v

)
+∇ · (cvρ0T0κ · ∇s) + ∇ · (v · Π) +Qheat +Qcool. (4.1)

Under the boundary conditions described earlier, a global energy conservation law can be

expressed as,

∂

∂t

∫
V

(
ρ0
2
v2 + ρ0T0cvs

)
dV = 0. (4.2)

Figure 4.1 shows the temporal evolution of total kinetic energy Ekin, thermal energy

Eth, and gravitational potential energy Epot in Case H1V1 for a reference. The volume
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Figure 4.1: Time series of volume-integrated kinetic energy (solid line), thermal energy
(dot-dashed line), gravitational potential energy (dot-dot-dashed line), and the sum of
thermal and kinetic energy (dashed line) for Case H1V1.

　　　

integrated energies are defined as,

Ekin ≡
∫

V

ρ0
2
v2 dV, (4.3)

Eth ≡
∫

V
ρ0T0cvs dV, (4.4)

Epot ≡
∫

V
ρ1gH0 dV . (4.5)

Note that, in our definition, the thermal energy Eth represents a perturbation with respect

to the energy contained by the adiabatic background. The internal energy of the system

is expressed as Eint = Eth + Epot. As prescribed by the equation (4.2), a conservation of

Ekin + Eth can be well confirmed from Figure 4.1.

Since the surface cooling can quickly produce highly superadiabatic stratification near

the top boundary, the thermal convection typically sets in at an early stage t ≈ 1.5 Hr/v∗

and a statistically stationary state is achieved after t ≥ 25 Hr/v∗ as shown in Figure 4.1. We

then further evolve the system for at least one thermal diffusion time τdiff ≈ (Re∗PrV)Hr/v∗

after the statistically stationary state is reached. From now on, we are going to discuss the
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convectional properties of this stage.

4.1.2 Typical Convective Structure

To illustrate the general appearance of convective structures in our simulations, we

show three-dimensional snapshots of entropy perturbations in the statistically stationary

convections (runs H1V1 and H6V6) in Figure 4.2. It is clearly observed that compressible

convections are characterized by broad warm upflows and narrow cold downflow lanes.

Strong downflow plumes originating from the network region of the downflow lanes (cell

boundaries) exist and fall down deeper into the convection zone, as manifested in the

Figure 4.2.

There are mainly two differences resulting from different values of Pr. Firstly, down-

flow structures in a deeper convection zone are significantly influenced by Pr. In the

low Pr case, the convective structure is dominated by large-scale downflow lanes that are

imprinted by the surface cellular pattern. In the higher Pr regime, on the other hand,

　　　
H1V1 H6V6

3.5

-3.5

0

　　　

Figure 4.2: Snapshots of normalized entropy perturbations ρ0(s−⟨s⟩)/(ρrM2
∗) for the run

H1V1 (left) and H6V6 (right). Horizontal cuts at the middle layer z/Hr = 1.0 are shown
at the lower surfaces in each panel.
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strong downflow plumes dominate the convective structure. This is because downflows

become able to retain their cold entropy plasma when thermal diffusivity κ is suppressed.

Secondly, the horizontal scale of the surface cell size decreases in H6V6 (higher Pr) case.

This can be explained as follows: In general, the convective cell size is determined by the

thickness of the upper thermal boundary layer where the stratification becomes strongly

superadiabatic. When κ is decreased, the vertical thermal conduction is prohibited so that

a thinner and steeper boundary layer is maintained in the higher Pr regime, which reduces

the convection cell size.

4.2 Convective Velocity Suppression

Next, we examine the convective velocity suppression process described in Chapter 2.

In §4.2.1, we discuss the results of the runs H1V1, H2V2, and H6V6 where the thermal

diffusivity κ is isotropic. We then examine the effects of anisotropy by comparing the

results of H1V6 and H6V1 with that of H6V6 in §4.2.2.

4.2.1 Isotropic Thermal Diffusion

In this section, we only use the Prandtl number Pr = PrH = PrV. We try to make our

argument that the change in the mean entropy stratification is mostly responsible for the

convective velocity suppression in high-Pr regime by relating the suppressed convective

velocities with the enhanced subadiabatic layers. Figure 4.3 clearly shows that the rms

velocity systematically declines as κ is decreased (Pr is increased), as found by O’Mara

et al. (2016). The dashed lines in Figure 4.3 represent vertical rms velocities that are

directly subject to buoyancy accelerations. It is noteworthy that the vertical rms velocities

are decreased in the bulk of the domain except for the top layer and correspondingly that

the total rms velocities are suppressed mainly in the deeper layer. The effective Reynolds
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Figure 4.3: The height dependence of the rms velocities for Case H1V1 (black), Case
H2V2 (light-blue), and Case H6V6 (red). Solid and dashed lines represent total and
vertical rms velocities, respectively.

number Re is estimated in each case using the z-dependent rms velocities as,

Re =
1

zmax

∫
vrmsH0
ν

dz, (4.6)

and presented in the fourth column of Table 4.1. In our model, convection typically shows

a moderate degree of turbulence with the typical value of Re ≈ 30 which is of the same

order as used in previous studies (O’Mara et al., 2016; Käpylä et al., 2017b).

Figure 4.4 shows the mean entropy ⟨s⟩ normalized by M2
∗ for each case. Here,

⟨ ⟩ denotes the horizontal averaging. In this paper, we normalize the entropy s (and

superadiabaticity δ) by M2
∗ to make a comparison with results with different input energy

fluxes easier. It is obvious from Figure 4.4 that the highly-superadiabatic thermal boundary

layer is formed near the top boundary, and the bulk of the domain is more close to adiabatic

compared with the top layer. Although the same form of surface cooling flux is imposed

in all cases, the thickness of the upper thermal boundary layer dt varies according to Pr

due to the vertical thermal conduction near the surface. As a result, the entropy difference

between the top boundary and the bulk of the domain ∆⟨s⟩ ≡ |max⟨s⟩ −min⟨s⟩| increases
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Figure 4.4: Horizontally-averaged entropy profiles ⟨s⟩/M2
∗ with the same Color-Case

correspondence with Figure 4.3. Inset: zoon-in the region near the bottom where the
mean entropy profile is slightly subadiabatic.

as Pr increases. However, Pr-dependence of the upper boundary layer is small compared

with the previous studies (O’Mara et al., 2016), having no scaling relations between the

thermal diffusivity κ, the thickness of the thermal boundary layer dt, and the entropy

difference ∆⟨s⟩, such as dt ∝ κ1/2 or ∆⟨s⟩ ∝ κ−1/2 which can only hold for simulations

imposing a diffusion-type upper boundary condition where the energy flux is released

through the thermal conduction term (Featherstone & Hindman, 2016).

The zoom-in inset of Figure 4.4 manifests firstly that the mean entropy tends to be

slightly subadiabatic near the bottom boundary and secondly that the subadiabaticity

there increases as Pr increases. These results can be interpreted that the subadiabatic

layer is formed by continuous depositions of low entropy transported by downflows.

When the thermal diffusivity κ is reduced, the amount of low entropy fluids that can be

retained by downflows during the descent becomes large, which leads to an enhancement

of the subadiabaticity near the base. The enhanced subadiabatic layer then suppresses

downflow motions by alleviating the thermal contents of downflows and finally sets the

net accumulation rate of the low entropy to the bottom. In a statistically-stationary
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Figure 4.5: Energy flux balance for Case H1V1 (dot-dashed lines) and Case H6V6 (solid
lines). Shown on vertical axis are the energy fluxes normalized by injected energy flux F∗.
The red, purple, yellow, and black lines represent the enthalpy flux Fe, kinetic energy flux
Fk, viscous dissipative flux Fv, and thermal conductive flux Fc calculated by the equations
(4.7)-(4.10), respectively. The blue line shows a sum of time-independent radiative heating
flux Fr and surface cooling flux Fsf . The total energy flux Ftotal = Fe+Fk+Fc+Fv+Fr+Fsf
is shown by black dotted line for both cases.

state, this continuous accumulation of low entropy is compensated by the vertical thermal

conduction near the bottom boundary.

Some caution should be taken here regarding the impenetrable lower boundary condi-

tion in our idealized model. It is true that this lower boundary condition indeed favorably

affects the formation of this weakly-subadiabatic layer, helping the reflection and accumu-

lation of low entropy around the base. However, the existence of the slightly-subadiabatic

convection zone has been repeatedly reported even in the numerical simulations of convec-

tive overshoots where a stably-stratified layer is included (Brummell et al., 2002; Käpylä

et al., 2017b) and also predicted by non-local semi-analytical model of solar overshoot

layer (Xiong & Deng, 2001; Rempel, 2004). Moreover, recent numerical simulations of

solar overshoot region, which aim to achieve more realistic parameter regimes by imposing

a much lower energy flux, estimated the depth of solar overshoot layer to be less than a few

percent of the local pressure scale height there (Hotta, 2017), suggesting that the bottom

of the solar convection zone may act as an impenetrable wall to a good approximation.
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Figure 4.5 shows horizontally-averaged energy fluxes across the numerical domain for

Case H1V1 and H6V6. The definitions of the enthalpy flux Fe, the kinetic energy flux Fk,

the thermal conductive flux Fc, and the viscous dissipative flux Fv are,

Fe =
p0
γ − 1

⟨s vz⟩ + ⟨p1vz⟩, (4.7)

Fk =
ρ0
2
⟨v2vz⟩, (4.8)

Fc = −κV
p0
γ − 1

∂⟨s⟩
∂z
, (4.9)

Fv = −⟨v · Π⟩. (4.10)

Due to the velocity suppression in Case H6V6, both the amplitudes of enthalpy flux and

kinetic energy flux decrease. The reduction in the vertical thermal conductive flux near the

surface in Case H6V6 is compensated by the vertically-upward peak shift of the enthalpy

flux.

It should be noted that the enthalpy flux takes positive value throughout the numerical

domain so that the thermal energy is transported vertically upward even near the base where

the mean stratification is subadiabatic. Therefore, this subadiabatic layer formed near the

base is not an overshooting layer where downflows are quickly decelerated by buoyancy

and thus the enthalpy flux becomes negative. Rather it should be regarded as a result of

non-local heat transport of downflow plumes, which cannot be described by the typical

local mixing models assuming the enthalpy flux proportional to the local superadiabaticity.

Recently, Brandenburg (2016) modified the mixing-length theory incorporating the effects

of non-local heat transport by cold downflow plumes and showed that the enthalpy flux can

be upward even in the subadiabatic region. We will discuss on this issue later in Section

4.5.1. Even though the subadiabaticity near the base is not strong enough to reverse the

sign of enthalpy flux to be a overshooting layer, this layer has significant effects on the

convective velocity amplitudes.
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4.2.2 Anisotropic Thermal Diffusion

Next, we examine results of Case H1V6 and Case H6V1 where vertical and horizontal

thermal diffusivities κV and κH are decreased independently so that several thermal effects

can be separated. In Case H1V6, we drop only κV to the same value used in Case H6V6

while keeping κH identical to Case H1V1. In Case H6V1, on the other hand, only κH is

dropped to the same level of Case H6V6 with κV unchanged from Case H1V1.

First, the overall convection patterns are explained. Figure 4.6 and Figure 4.7 show

vertical velocities and entropy perturbations for Cases H1V1, H1V6, H6V1, and H6V6

from left to right panels with upper and lower panels presenting the horizontal cuts near the

top and at the middle, respectively. In Figure 4.6, Pr-dependency of the vertical convection

is more apparent in the horizontal cuts at the middle layer (panels (e)-(h)): We can see

that downflows become more pointwise when κH is decreased. In other words, convective

structure is qualitatively changed from lane-type downflows to plume-type downflows as

κH decreases. Moreover, it is also obvious that the overall amplitudes of upflows and

downflows are reduced in Cases H6V1 and H6V6 where κH is reduced, which will be

confirmed later in Figure 4.8.

As for entropy, it is clear from Figure 4.7(a)-(d) that the amplitude of the entropy

perturbation at the surface becomes large for Cases H1V6 and H6V6. This is because the

suppression in κV makes the upper thermal boundary layer steeper, leading to a thinner

highly-superadiabatic surface layer and an enlargement of the absolute value of entropy

difference. The change in κH, on the other hand, only plays a role in forming thinner

downflow lanes near the surface. As we go into deeper convection zone, however, the

entropy distributions are dominantly characterized by κH, as shown in Figure 4.7(e)-(h):

Downflow plumes are able to retain their low entropy at small scales in Cases H6V1 and

H6V6 where horizontal diffusion is highly prohibited. In Cases H1V1 and H1V6, in

contrast, efficient horizontal heat exchanges blur the entropy at deeper convection zone.

Figure 4.8 shows distributions of total, vertical, and horizontal rms velocities for Cases
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Figure 4.6: Vertical velocity vz/v∗ taken from statistically-stationary states for different
values of PrH,V: (a) and (e) for Case H1V1, (b) and (f) for Case H1V6, (c) and (g) for Case
H6V1, and (d) and (h) for Case H6V6. Upper and lower panels show the horizontal section
near the surface z/Hr = 2.1 and middle of the convection zone z/Hr = 1.0, respectively.

Figure 4.7: Entropy perturbations ρ0(s − ⟨s⟩)/(ρrM2
∗) with the same configuration as

Figure 4.6.

H1V1, H1V6, H6V1, and H6V6. We can confirm from Figure 4.8(a) that the significant

reduction of rms velocity only occurs in Case H6V1 and H6V6 in which κH is decreased

(see also the volume-averaged rms velocity values tabulated in the eighth column of Table

4.1). The volume-integrated kinetic energies Ekin are calculated and presented in the ninth
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Figure 4.8: Height dependence of rms velocities normalized by v∗ for Case H1V1 (black
dashed), Case H1V6 (blue solid), Case H6V1 (green solid), and Case H6V6 (red dashed).
Panels (a), (b), and (c) show the total, vertical, and horizontal rms velocities, respectively.

column of Table 4.1. Ekin is highly reduced up to 59.6% for Case H6V6 and 66.3% for

Case H6V1 with respect to that of Case H1V1, whereas in Case H1V6 the kinetic energy

is suppressed only slightly (92.6%). Especially, it is obvious from Figure 4.8(b) that the

values of vertical rms velocities are mostly determined by κH, except for the top surface

where κV influences the convective properties by increasing the Rayleigh number Ra.

Therefore, it is concluded here that the prohibition of horizontal, not vertical, diffusive

transport of entropy between warm upflows and cold downflows is responsible for the

velocity suppression in high-Pr regime. We attribute this convective velocity suppression

to the change of mean entropy profile as follows.

Figure 4.9 shows profiles of the mean entropy and corresponding superadiabaticity

calculated by,

δ = ∇ − ∇ad

= −H0
γ

∂⟨s⟩
∂z
, (4.11)

for Case H1V6 and H6V1 at upper and lower panels, respectively. Let us first address

the entropy properties near the top boundary. The amount of entropy difference between

the top and the bulk ∆⟨s⟩ is substantially influenced by κV (see the fifth column of Table
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Figure 4.9: Horizontally-averaged entropy profiles and the corresponding superadiabatic-
ity δ = ∇ − ∇ad profiles. Upper and lower panels show the results of Case H1V6 and
Case H6V1, respectively. In panels (a) and (c), mean entropy profiles ⟨s⟩ normalized
by M2

∗ are plotted for Case H1V1 (black dashed), Case H1V6 (blue solid), Case H6V1
(green solid), and Case H6V6 (red dashed). In panels (b) and (d), the superadiabaticity
δ also normalized by M2

∗ are plotted with the same Case-Color correspondence. The
absolute values of the superadiabaticity are shown on a vertically-logarithmic scales, with
the negative values shown by dot-dashed lines and positive values by solid lines.

4.1). For example, in Case H1V1 (black) and Case H6V1 (green) where PrV = 1 and κV

is relatively large, strong vertical thermal diffusion near the top efficiently alleviates the

highly-superadiabatic entropy gradient, resulting in the small entropy difference ∆⟨s⟩. It

should be noted that, in Case H6V1, the velocity is suppressed even though the entropy

difference across the upper thermal boundary layer ∆⟨s⟩ is small. In other words, this
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Figure 4.10: The rms values of entropy perturbation normalized by background density
ρ0srms against height. The mean is taken each for upflows and downflows and the calculated
rms values are shown by dashed and solid lines, respectively. The same Case-Color
correspondence as Figure 4.9 is used.

result indicates that the velocity suppression in high-Pr regime achieved in our model can

hardly be attributed to the large entropy difference across the strong thermal boundary

layer as described in the previous study (O’Mara et al., 2016). In our model, in contrast,

the mean stratification “in the bulk and near the bottom” dominates most of the convective

properties, as will be discussed in the next paragraph.

Figure 4.9(b) shows that the superadiabaticity profile is almost unaffected by a decrease

in κV in the bulk of the domain. On the other hand, we can clearly observe from Figure

4.9(d) that the subadiabatic layer is enhanced and extended vertically upward in the lower

portion of the domain and also that the mean stratification in the bulk becomes less

superadiabatic from Case H1V1 (black) to Cases H6V1 (green) and H6V6 (red) as κH

decreases. Thus, δ is only sensitive to κH and this is why huge reductions of convective

velocity occur in Cases H6V1 and H6V6. Both the enhancement of subadiabaticity and

weakening of superadiabaticity lead to the reduction of the net buoyancy acceleration and

suppression of the convective amplitudes.

The different sensitivity of δ on κV and on κH comes from the fact that downflows

can retain their cold entropy only when the horizontal thermal diffusion is inhibited, as
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clearly shown in Figure 4.10 where entropy fluctuations srms of upflows and downflows

are plotted. Firstly, it is obvious that only the entropy contents of downflows are modified

and the thermal properties of upflows are almost unchanged by κH,V. In Case H1V6

(blue), thermal fluctuation of downflows is mostly identical to that of Case H1V1 (black)

in the bulk, which means that downflows tend to quickly lose their cold entropy via the

horizontal thermal diffusion even though strong entropy deficits are generated at the top. In

Case H6V1 (green), on the other hand, downflows can retain their entropy deficits against

horizontal thermal diffusion so that they can greatly contribute to the overall accumulations

of low entropy around the base. It is considered that the amount of negative entropy

perturbation that can be transported by downflows and accumulated near the base should

largely set the subadiabaticity there.

In fact, these results should be interpreted with some caution because the thermal

diffusivities have a vertical dependence expressed by the equation (3.12). In principle, the

profile of δ in a stationary state should be determined by both κH and κV; the former one

adjusts the amount of low entropy that is supplied to the base and the latter one sets the final

entropy profile after the vertical thermal relaxation. Although the κH-dependence of δ near

the base may be emphasized in our model by originally prohibiting the vertical thermal

conduction in the lower part in all cases, our conclusion that the decrease in κH is crucial

for the enhancement of subadiabatic layer and for the convective velocity suppression is

indeed supported by results of another set of simulations where spatially-uniform κH,V is

used (not shown here): The suppression in vrms occurs only when κH are decreased. When

the amplitude of the entropy perturbation is increased, low entropy material is transported

more to the base. This process leads to an extension of the subadiabatic layer to the

upper part of the convection zone and thus makes the bulk stratification more subadiabatic

and less superadiabatic. On the other hand, effects of the vertical thermal diffusion are

restricted to the lower and upper thermal boundary layers and does not largely affect the

mean entropy stratification in the bulk which is more close to adiabatic. As a result, vrms

is almost unaffected by κV.

71



Figure 4.11: The horizontally-averaged work densities done by buoyancy forces for Case
H1V1 (black dashed), Case H1V6 (blue solid), Case H6V1 (green solid), and Case
H6V6 (red dashed). The vertical dotted lines denote the heights from which the mean
stratification becomes superadiabatic (zδ=0) with the same Case-Color correspondence.

In order to quantitatively examine the effects of the enhanced subadiabatic layer, work

density done by buoyancy force is calculated as,

WB = −
∂p1
∂z

vz − ρ1gvz, (4.12)

and presented in Figure 4.11. The buoyancy work becomes positive in the upper convection

zone and negative in the lower convection zone. This general tendency is consistent with

the fact that superadiabatic (subadiabatic) stratification accelerates (decelerates) thermal

convection. The existence of the region near the bottom where the buoyancy work is

negative WB < 0 can be thus regarded as a clear evidence of convection suppression by

the subadiabatic layer. In Case H6V1 (green) and Case H6V6 (red), the positive buoyancy

work is reduced due to the less superadiabatic stratification in the upper convection zone

except for the surface region. Near the bottom, on the other hand, the absolute values of

negative buoyancy work is decreased in these two cases where subadiabaticity is enhanced,

which at first glance seems contradictory to our argument. We consider that the buoyancy

force can do less negative work (to decelerate convection) just because the vertical velocity

72



amplitudes are reduced in these two cases. Note here that the buoyancy works calculated by

the above equation just represent the energy conversion rate between thermal and vertical

kinetic energies in a statistically stationary state. A large amount of positive buoyancy

work does not necessarily result in a large amount of kinetic energy or large convective

amplitudes.

Vertical dotted lines shown in Figure 4.11 denote the heights from which mean stratifi-

cations change from subadiabatic to superadiabatic zδ=0 (see the seventh column of Table

4.1). Although the subadiabatic stratification eventually results in the negative buoyancy

work WB < 0 in the lower convection zone, the deceleration actually sets in below the

critical height zδ=0 so that there is a gap zone in-between where the mean stratification

is subadiabatic δ < 0 but buoyancy work is still positive WB > 0. The origin of this

nonlocalness comes from the fact that the thermal fluctuations possessed by downflows

(larger density than surroundings for instance) must be gradually modified as downflows

travel inside the subadiabatic zone and become less heavy (Hotta, 2017). Figure 4.11

shows that the downflows are quickly decelerated after penetrating into the subadiabatic

zone for Cases H1V1 (black) and H1V6 (blue) where the thermal contents of downflows

are relatively small as shown in Figure 4.10. However, the nonlocalness become more

substantial as downflows contain colder entropy from Case H1V1 (black) to Case H6V1

(green) to Case H6V6 (red). This is because the amount of thermal fluctuations necessary

for reversing the sign of buoyancy work gets larger in Case H6V1 and H6V6, so that it

becomes more difficult and needs longer distance to achieve WB < 0 for each downflow.

Therefore, the deceleration region is localized near the bottom in Cases H6V1 and H6V6,

and as a result, it helps for downflows to reach the base and to reinforce the subadiabaticity

by accumulating the low entropy there. It should be emphasized again that since the

subadiabaticity is on the order of the local Mach number square δsub ≈ O(M2
∗) (see also

sixth column of Table 4.1) and not strong enough to be an overshoot layer, downflows only

feel gradual decelerations and thus the buoyancy works WB < 0 are not simultaneously

responded.
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In summary, we have shown up to here by comparing the results of Cases H1V1, H1V6,

H6V1, and H6V6 that the suppression of κH is essential in establishing the enhanced

and extended subadiabatic layer near the base and in decreasing the whole convective

amplitudes. All of these results presented in this section are in qualitative accordance with

the velocity suppression mechanism proposed in Chapter 2.

4.3 Effects on a Single Downflow Plume

The influence of the superadiabaticity change on the flow amplitude is assessed in

this section. Here the convective velocity of a single downflowing plume is evaluated for

different background sub/superadiabatic stratifications to examine whether a significant

reduction in the convective velocities can really be attributed to a seemingly slight differ-

ence in δ shown in Figure 4.9. For this purpose, another set of simplified 2D simulations

are conducted with similar numerical setup as described previously in Chapter 3. The

entropy equation is modified, neglecting the radiative heating and surface cooling terms

to focus on a single downflow and given by,

∂s
∂t
= −v · ∇s + vz

γδ

H0
+

1
ρ0T0
∇ · (ρ0T0κ∇s). (4.13)

For simplicity, the thermal diffusion is treated to be isotropic and Pr is set to unity in

all calculations because we want to test our idea that higher Pr only plays an indirect

role in establishing more subadiabatic lower convection zone. Additional term γvzδ/H0

expresses advective effects of background entropy, from which entropy perturbations are

generated. Here, the background superadiabaticity δ, which is treated as an only free

parameter in this supplementary calculation, is taken from the results of our 3D thermal

convection simulations; Cases H1V1, H1V6, H6V1, and H6V6.

A single downflowing plume is excited by initially locating a cold and heavy fluid near
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Figure 4.12: (a)-(c): Time evolution of the entropy field (color contour) with the velocity
vector (white arrows) overplotted for the background superadiabaticity taken from Case
H6V6. Horizontal white dashed line denotes the height from which stratification becomes
superadiabatic zδ=0 = 0.9 (Case H6V6). In order to emphasize the entropy generation
inside the subadiabatic zone, the normalized entropy field ρ0T0s/(ρrTrM2

∗) is plotted. (d):
Time series of total kinetic energy for the cases whose background superadiabaticities are
taken from Case H1V1 (black), Case H1V6 (blue), Case H6V1 (green), and Case H6V6
(red), respectively.

the surface as follows.

s = −srms exp
[
− (x − xe)2 + (z − ze)2

∆r2
e

]
, (4.14)

ρ1 = −ρ0s/γ, (4.15)

where (xe, ze) denotes the initial location of the low entropy fluid and ∆re specifies the

degree of its spatial concentration. We set the values xe = xmax/2 = 4.36 Hr, ze = 2.0 Hr,

and ∆re = 0.1 Hr. srms describes the amount of the initial entropy deficit of a downflow

and is set to srms = 50 M2
∗ in all calculations which is a typical rms entropy of downflows

as shown in Figure 4.10 (note that ρ0/ρr = 0.05−0.1 at around z/Hr = 2.0). All the other

parameters are kept unchanged from the 3D setup.

Figure 4.12(a)-(c) show the results of the calculation where the background δ of

Case H6V6 is used, illustrating the typical time evolution of the system. The highly-

superadiabatic surface quickly accelerates the low entropy region downward so that a

single downflow is initiated. Although secondary and tertiary downflows are inevitably

provoked due to the superadiabatic stratification in the upper half of the convection zone,

75



we found that the initial downflow at the center plays a dominant role in this system, which

will be mainly discussed in the following. Once this primary downflowing plume enters

the subadiabatic layer at around t/(Hr/v∗) = 1, the positive entropy begins to be generated,

which acts to suppress the convective motions against the buoyant acceleration in the upper

layer. After the primary donwflow reaches the bottom boundary at about t/(Hr/v∗) = 2.5,

horizontal diverging motion near the base drives the box-scale flow. At the same time,

the amount of generated entropy inside the subadiabatic layer becomes gradually large

enough to overcome the buoyant driving and to suppress the whole flow motions so that

the total kinetic energy ceases to increase at around t/(Hr/v∗) ≈ 4 − 5 as shown in Figure

4.12(d). The maximum total kinetic energy can be thus regarded as a good indicator of

net effects of superadiabatic convective driving and subadiabatic convective suppression

for a single downflow plume. Even though Pr is fixed for all cases, the suppression degree

of the total kinetic energy becomes larger as the background δ is changed from that of

Case H1V6 (blue), Case H6V1 (green), and Case H6V6 (red), which is in an accordance

with the results of our 3D runs where only Pr is treated as a free parameter. Therefore, we

conclude that the major role of the increase in Pr would be to change the mean stratification

towards more subadiabatic in the lower part and less superadiabatic in the upper part of

the convective layer, which consequently reduce the convective velocity.

More quantitatively, Ekin is suppressed with respect to that of Case H1V1 by 91.8%,

74.1%, and 68.6% for the background δ of Case H1V6, H6V1, and H6V6, respectively.

We confirm that the enhanced negative superadiabaticities taken from Cases H6V1 and

H6V6 reduces kinetic energy.

However, one should keep in mind that the total kinetic energy calculated in these 2D

supplementary simulations cannot be directly compared with the kinetic energy obtained in

our 3D convection simulations because we can hardly expect the uniformity of downflow

structure in the y-direction. Moreover, the properties of downflows are significantly

altered from 3D calculations by fixing the entropy deficit srms and the Prandtl number Pr

for simplicity. Other effects related to the constraint of convective energy transport or the
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interaction of neighboring downflows should also be taken into account for addressing the

real 3D thermal convection. Especially, we consider that the change in the horizontal scale

of the typical convection cell may additionally contribute to the velocity suppression in

3D simulations. When κH is decreased, the typical horizontal scale of downflows become

smaller as manifested by Figure 4.6(g) and (h). The Shrinking of the typical convective

scale in a horizontal direction is closely related to the reduction in the horizontal velocities

due to the law of mass conservation. Nonetheless, the change in the convective cell size

plays a minor role for velocity suppression at high-Pr regime in our model that comes next

to the intensification of the subadiabatic layer.

4.4 Parameteric Survey

In the preceding sections, we have explained how the convective flow speed could

be suppressed when the (horizontal) thermal diffusivity is decreased. Here, we are going

to discuss the applicability of the proposed velocity suppression mechanism to the solar

convective conundrum. At this end, two sets of parameter surveys on the Prandtl number

are conducted each in §4.4.1 and §4.4.2, respectively.

4.4.1 Scaling of Convective Velocity

The first parameter survey aims to derive some hints for the following questions.

• How much convective velocities can be reduced at most via the thermal effect?

• Can the thermal effect be efficient enough to fully resolve the discrepancies between

observations and simulations?

For this purpose, another set of numerical simulations is conducted where only the hori-

zontal Prandtl number PrH is systematically increased from 0.5 up to 20 with the vertical

Prandtl number fixed (PrV = 1). Other parameters used in this set of simulations are

summarized in Table 4.2.
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Table 4.2: List of parameters used and calculated for this parameter survey.

Run PrH vrms/v∗ max(vrms)/v∗ min(vrms)/v∗ δsub/M2
∗ zδ=0/Hr

S05 0.5 : 1.59 2.00 1.22 -2.40 0.65
S1 1 : 1.49 1.91 1.10 -2.49 0.74
S2 2 : 1.38 1.81 0.98 -2.73 0.75
S6 6 : 1.23 1.65 0.86 -3.55 0.80
S20 20 : 1.15 1.55 0.76 -4.36 0.84

Note. The numerical domain is horizontally restricted to [0 < xmax, ymax < 6.54 Hr]
and a uniform resolution of 2162×72 is used except for the Run S20 where a resolution
is increased up to 6482 × 288 in order to keep the influence of the numerical diffusivity
sufficiently small.

Figure 4.13(a) and (b) shows the results of rms velocities vrms obtained for different

values of PrH. Local-maximum (local-minimum) values of the rms velocities near the

surface (bottom) are plotted on a double-logarithmic scale; see also 4th and 5th columns

of Table 4.2. The thermal effect does not saturate within the parameter regime investigated

where Prandtl numbers are kept still moderate (PrH ≤ 20) so that the rms velocities are

found to monotonically decrease as PrH increases. Figure 4.13 confirms that the rms

velocities are more suppressed near the base than in the surface region. The scaling

relations of maximum rms velocity near the surface and minimum rms velocity near the

bottom are calculated as,

vrms ∝


PrH−0.071 (near the surface)

PrH−0.129 (near the bottom).
(4.16)

Although this result shows a promising feature, it infers that the PrH-dependence of our

proposed thermal effect is relatively weak and that a significantly large effective Prandtl

number on the order of 107 is required to lower the velocity amplitude by 1/10.

Several careful considerations are needed especially when trying to apply this result to

the Sun or to the other numerical systems. First of all, we remind the reader that the SGS

viscous diffusivity ν (and thus the Reynolds number Re∗) is fixed in all calculations for

simplicity. We must note that the scaling relation above is derived for the parameter regime
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Figure 4.13: (a) Height dependence of rms velocities are presented for different horizontal
Prandtl numbers PrH. Square points and diamonds represent the local-maximum and
local-minimum rms velocities in each case. (b) The local-maximum rms velocities near
the surface (by square points) and local-minimum rms velocities near the bottom (by
diamonds) on double-logarithmic scale for different values of PrH. Each dashed line
denotes the fit to the results of diamonds and square points, showing a power-law functions
with index 0.071 and 0.129, respectively.

employed in our numerical setup and that the scaling index may vary according to Re∗.

For example, since we impose large viscous and thermal SGS diffusivities with the typical

Reynolds number Re calculated as 30−40, the parameter regime studied in our simulations

is laminar. It is expected that, if SGS ν is decreased and the Reynolds number Re (and

thus Rayleigh number Ra) increases, the thermal effect would become ineffective and vrms

would cease to diminish being independent of the values of diffusivities (Featherstone &

Hindman, 2016).

Secondly, determining whether or not the thermal effect saturates for higher Pr, or if

do, determining the saturated value of vrms or the critical Pr would be another important

issue that needs to be investigated when discussing the applicability of the scaling relation

(equation (4.16)). Note that in the previous numerical studies of Featherstone & Hindman

(2016) and O’Mara et al. (2016) the saturation and limitation of velocity suppression in

high-Pr regime was mainly discussed in relation to the thickness of the upper thermal
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boundary layer which scales as dt ∝ κ1/2 owing to their conductive-type upper boundary

condition: O’Mara et al. (2016) argued that their suppression mechanism would become

unphysical when κ is decreased up to the point where dt approaches to the actual depth

of the photospheric boundary of the Sun. In our model, on the other hand, the depth of

the upper boundary layer is set by the artificial surface cooling function and is almost

independent of κ. Therefore, the thermal effect discussed in this paper should not saturate

in the same way as the model of Featherstone & Hindman (2016) and O’Mara et al. (2016).

Instead, it is expected that in our model the saturation occurs when the thermal diffusion

becomes negligible and accumulations of low entropy by downflows becomes unable to

further change the mean entropy stratification: If κ becomes small enough to make the

vertical thermal conduction essentially ineffective, the subadiabaticity near the base is

determined so that the strong buoyant decelerations can stop downflows before they reach

the bottom boundary and limit their supply of low entropy to the base.

4.4.2 Reduction of Low Wavenumber Power

Although it is found that the Pr dependency of vrms is strikingly small, i.e., the

proposed convective velocity suppression process is very inefficient to lower vrms. On the

other hand, it is also suggested that the deeper convection zone can be more selectively

suppressed along with the enhancement of the local subadiabaticity. This may indicate

another aspect of the velocity suppression via the enhanced subadiabatic layer that can

potentially alleviate the solar convective conundrum. Huge discrepancies of convective

amplitude (by more than two orders of magnitude) between the helioseismic findings of

Hanasoge et al. (2012) and the numerical simulations of Miesch et al. (2008) was mainly

found on the low wavenumber horizontal subsurface flow (with the spherical harmonic

degree of l ≈ 10), which in other words suggests that the giant cells may not exist or their

amplitudes may be far smaller than previously considered. In general, the excess in the

low wavenumber power reflects too large convective amplitudes in a deeper convection
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Table 4.3: List of parameters used and calculated for this parameter survey.

Run Pr (Nx, Ny, Nz) vrms/v∗ Ptop/v
2
∗ Pbot/v

2
∗ δsub/M2

∗ zδ=0/Hr

L1 1 5122 × 96 : 1.59 15.17 6.65 -1.03 0.65
L5 5 7682 × 128 : 1.29 1.82 0.74 -2.96 0.74
L20 20 10242 × 256 : 1.19 1.48 0.23 -7.74 0.96

Note. The numerical domain is expanded up to 232 × 2.3 H3
r to study the large-scale

flow structure. The thermal diffusion is treated as isotropic, and thus, Pr = PrH = PrV.
Moreover, spatially-uniform SGS diffusivities are used; ν and κH = κV have no radial
dependence. In order to keep the degree of turbulence similar to the other simulations,
the Reynolds number Re∗ = 30 is used for this study. Here, the horizontal velocity power
at the convective driving scale near the base (2π/k = 5Hr) are calculated near the top
and bottom boundaries, and presented as output parameters in this Table as Ptop and Pbot,
respectively.

zone (Lord et al., 2014). Thus, a main advantageous feature of our proposed suppression

process is that selective suppression of deeper convective driving can lead to the reduction

in the low wavenumber subsurface horizontal velocity power.

To assess the Pr-dependency of the subsurface horizontal velocity power spectrum, we

conduct another set of simulations where the horizontal box scale is increased in order to

capture the convective driving from the deepest convection zone well enough. Here, we

set xmax = ymax = 23Hr, zmax = 2.3Hr. Thus, the aspect ratio of the simulation box is

10, which is similar to that of the solar convection zone. For the sake of simplicity, the

thermal conduction is treated as isotropic (runs L1, L5, and L20). For more details on the

simulation setup, see Table 4.3.

Figure 4.14 shows horizontal cuts (snapshots) of vertical velocity vz for different depths

taken from different runs. It is observed that the horizontal scale of convection becomes

smaller as Pr is increased, which can also be seen from Figure 4.15 where snapshots of

entropy perturbations are shown in the same way as Figure 4.14. In the case L1 (Pr = 1),

relatively large-scale convective patterns with the typical horizontal scale of ≈ 5Hr exist

near the bottom boundary that further imprints the flow structure in the middle convection

zone. However, these large-scale structures observed in L1 disappear in the cases L5 and

L20 where deeper structures are rather characterized by small-scale downflow plumes.
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Figure 4.14: Vertical velocity vz/v∗ taken from statistically-stationary states for runs
L1, L5, and L20 from left to right, at different depths; (upper panels) near the surface
(z/Hr = 2.0), (middle panels) in the middle convection zone (z/Hr = 1.0), and (lower
panels) near the base (z/Hr = 0.1), respectively.

Figure 4.16 shows the horizontal velocity power spectra calculated (a) near the surface

and (b) in the middle convection zone with the power spectra at the base overplotted (dot-

dashed lines). The possible maximum scale of convective driving in these simulations

are estimated as 4 < dh/Hr < 6.5, which corresponds to the wavenumber range 0.14 <

khHr/2π < 2.5 as represented by light grey areas1.

The most striking Pr-dependency is observed at large-scales (low wavenumbers). At

1The estimation is roughly done in the following manner: Let us consider a circular cylinder of radius r
and height Hρ. To maintain the mean density stratification, most of the mass must overturn over one density
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Figure 4.15: Entropy perturbations (s − ⟨s⟩)/M2
∗) with the same configuration as Figure

4.14.

larger scales, the power significantly decreases for the cases L5 and L20, compared with

that of L1. Especially, it is found that the prominent peak at scales of ≈ 5Hr exists in L1

but disappears in L5 and L20. Obviously, a scale of this peak wavenumber corresponds

scale height Hρ so that density drops by a factor of 1/e. Thus,

(1 − 1/e)ρvvπr2 ∼ ρvh(2πr)Hρ, (4.17)

where vv and vh are the typical vertical and horizontal flow speed, respectively. Therfore, the horizontal
diameter of this idealized convection cell dh becomes,

dh = 2r ∼ 4Hρ

(
e

e − 1
vh

vv

)
. (4.18)

Usually, |vh/vv | is on the order unity, so here, we set 4Hρ < dh < 6.5Hρ.
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Figure 4.16: Horizontal velocity power spectra for runs L1 (black), L5 (blue), and L20
(red) calculated at (a) z/Hr = 2.0 and (b) z/Hr = 1.0. The power spectra near the base
(z/Hr = 0.1) are overplotted as dot-dashed lines in both panels. The black dashed lines
represent a Kolmogorov slope of −5/3.

to an integral scale of convection at the base. In fact, it is observed that the deep

horizontal velocity power (dot-dashed lines) is efficiently reduced at low wavenumbers
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as Pr is increased. This is due to the stabilization of the mean stratification in the high

Pr regime, which inhibits the buoyant convective driving at large-scales. Interestingly,

the reduction in the low wavenumber power near the base is easily passed on to the low

wavenumber power in the upper convection zone (for example, great agreements exist in

the low wavenumber powers in the Figure 4.16(b)). Although the subsurface power is more

subject to the masking effects of surface small-scale convections, we can still attribute a

big reduction in the low wavenumber power to a suppression of convective driving in the

deep convection zone.

Compared with the vrms that weakly depends on Pr and can only be reduced at most

about 70% when Pr is increased up to 20, the low wavenumber power turns out to be

more sensitive to a change in Pr; the power at the deep convective driving scale can be

suppressed by about 10% for Pr = 20 case, which may offer a promising solution to the

solar convective conundrum by suppressing the low wavenumber power achieved in the

previous convection simulations where a relatively low Pr had been used.

4.5 Discussion

4.5.1 Nonlocality of Solar Convection

The mean superadiabatic stratification of the solar interior has been estimated based

on the mixing-length theory. Although a great agreement between mixing-length models

and solar surface convection simulations makes this model a helpful tool to describe the

solar convection (e.g., Trampedach & Stein, 2011), its reliability in the deep convection

zone is still elusive: In fact, mixing-length models typically predict the existence of giant

convective cells in the deep convection zone whose signals can hardly be captured by

helioseismology (Hanasoge et al., 2012). As already pointed out in Section 4.2.1, the

subadiabatic layer formed in the lower part of our numerical domain reflects the nonlocal

effect of heat transport. The importance of the nonlocal treatment of mixing-length model
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has been repeatedly recognized mainly in the context of solar overshoot modeling. The

nonlocal convective overshoot models naturally predict an extended weakly-subadiabatic

layer above the radiation zone (Xiong & Deng, 2001; Rempel, 2004), which can typically

extend up to r/R⊙ = 0.75 − 0.8 depending the nonlocality of convection (Skaley & Stix,

1991). Recently, Brandenburg (2016) modified the stellar mixing-length expression of the

enthalpy flux by considering an additional term to incorporate the effects of nonlocal heat

transport by strong downflow plumes, which enables even a weakly-subadiabatic region

to transport the enthalpy upward.

The importance of our study lies in that the effect of the enhanced subadiabatic layer

on convection is connected for the first time to the change in the effective Prandtl number

via the strongly nonlocal energy transport by convective downflows which has been widely

recognized since Spruit (1997). Our results offer a possibility that, if downflows can retain

their low entropy in effectively high-Pr regime and the nonlocality accordingly increases,

the subadiabatic lower convection zone would be enhanced and extended upward in the

lower part of the convection zone.

4.5.2 Justification from MHD Simulation

So far in this chapter, we focus on the thermal effects of the small-scale magnetism that

it can prohibit the effective thermal diffusivity. In fact, the high-resolution simulations

of small-scale dynamo should include both the dynamical effect (direct suppression by

Lorentz force) and thermal effects. However, only few attention has been paid so far

on the analysis of latter mechanism. We therefore present here the evidence that the

thermal effect indeed exists in the small-scale dynamo simulations conducted by Hotta

et al. (2015a). Their numerical domain consists of a simplified horizontally(x, y)-periodic

box extending [0 < x, y < R⊙], but a realistic solar stratification, equation of state,

and radiative diffusivity or energy flux values are used in a vertical direction extending

[0.715R⊙ < z < 0.96R⊙].
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Figure 4.17: The values of superadiabaticity obtained by small-scale dynamo simulations
of Hotta et al. (2015a) on a vertically-logarithmic scale. Red and black lines denote the
values for calculations with and without magnetic field (corresponding to their runs H2048
and M2048). Superadiabatic and subadiabatic gradients are distinguished by solid and
dot-dashed lines, respectively. Horizontal dotted line shows the value of local modified
Mach number square as a typical superadiabaticity estimated by the injected energy flux
in their simulations.

Figure 4.17 shows the height dependence of the superadiabaticity for their runs hydro

(H2048) and MHD (M2048) cases calculated by,

δ = −
Hp

cp

∂⟨s⟩
∂z
, (4.19)

where s, Hp, and cp are the dimensional entropy, background pressure scale height,

and a specific heat at constant pressure, respectively. For making a comparison with

our results easier, a typical superadiabaticity value which we use for normalizing δ is

estimated as follows and overplotted in Figure 4.17 by a dotted line. The typical su-

peradiabaticity should be on the order of Mach number square, according to the mixing-

length argument. The modified Mach number at the base Mb is derived in the same

way as Mb = vb/
√

pb/ρb, where pressure and density at the base (z/R⊙ = 0.715) are

given by pb = 5.79 × 1013 dyn cm−2 and ρb = 0.195 g cm−3, respectively. The typical

convective velocity is calculated using the solar energy flux as vb = (Fb/ρb)1/3 with
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Fb = 1.21× 1011 erg s−1cm−2, which finally leads to a value M2
b = 2.45× 10−7. Although

care must be taken in that the sound speed is artificially reduced in their calculations by a

factor of 150, the comparison of the normalized superadiabaticity δ/M2
∗,b would be helpful

to examine the influence of the change in δ.

First of all, it is obvious from Figure 4.17 that the subadiabatic layer formed near the

base is enhanced and vertically extended with the inclusion of magnetic field. The degree

of the subadiabaticity enhancement is similar to our results with Pr = 6 case: In both cases,

the subadiabaticity near the base is increased by a factor of 2− 3. Moreover, the vertically

upward extension of the subadiabatic zone shifts the overall profile, which also leads to the

decrease in the superadiabaticity in the bulk of the convection zone similarly to our results

shown in Figure 4.9. The rms velocity for their MHD case is then suppressed by about

60% with respect to HD case (see Figure 13 of Hotta et al. (2015a)), which is the same

suppression degree seen in our model as shown in Figure 4.8. We therefore consider that

in the real magnetized thermal convection, the thermal effect (velocity suppression via the

enhanced subadiabatic layer due to the prohibition of the effective thermal diffusivity) may

play a critical role in determining the convective amplitudes in addition to the dynamical

effect.

It is also noteworthy that the superadiabaticity is not affected by the inclusion of

magnetic fields near the highly-superadiabatic surface, just like our result of Case H6V1.

This, according to our discussion made in Section 4.2.2, indicates that the small-scale

magnetic field does not inhibit the effective thermal conduction in a vertical direction:

it only suppresses the “horizontal” effective thermal diffusivity, as already inferred by

Hotta et al. (2015a). We thus make an argument that if we try to conduct Large-Eddy

Simulations with a SGS model on the effects of small-scale magnetic field, the anisotropy

in the thermal diffusion term should be introduced and only the “horizontal” thermal

diffusivity should be decreased.
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4.6 Summary

In this chapter, we have investigated one possible velocity suppression mechanism,

motivated by the recently-recognized problem that the current solar convection simulations

may be over-estimating the amplitudes of deep convection (e.g., Hanasoge et al., 2016).

We have especially focused on one interesting feature of the small-scale magnetism that

it may decrease the effective thermal diffusivity κ by inhibiting the small-scale turbulent

mixing of entropy between warm upflows and cold downflows (Hotta et al., 2015a).

By conducting a set of thermal convection simulations where the effects of small-scale

magnetism are incorporated as SGS diffusivities, we have shown in Section 4.2 that the

convective velocities are suppressed as we decrease the effective thermal diffusivity κ

through the enhancement of the subadiabatic layer which is formed near the base of the

convection zone.

We further introduced the anisotropy of thermal diffusion in Section 4.3 to finally

conclude that the decrease in the horizontal thermal diffusivity κH is critical for the

convective velocity suppression, which is consistent with the results of small-scale dynamo

simulations (Hotta et al., 2015a). This can be interpreted that the strong inhibition of

horizontal entropy diffusion can promote the efficient transport of low entropy, and hence,

promote the enrichment of the subadiabatic layer formation.

Supplementary 2D numerical experiments are also conducted in Section 4.4.1 aiming

to evaluate the influence of the difference in the mean entropy stratifications. It was

confirmed that the change in the achieved superadiabaticity is significant so that the

degree of suppression can be mostly attributed to it.

These results are synthesized to yield a picture of how the deep solar convection may

be suppressed, which we outline as follows.

(I). If small-scale dynamos are fully excited within the solar convection zone, convection

is essentially magnetized and can operate in an effectively high-Pr regime (Hotta

et al., 2015a, 2016).
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This is because the Lorentz-force of small-scale magnetism may act as an effective vis-

cosity, and as a result, the effective Reynolds number Re for the flows on scales larger

than the energy containing scale of the magnetic field is decreased. The presence of

small-scale magnetic field, on the other hand, leads to smaller structure of entropy field

because turbulent mixing of entropy is highly prohibited on scales smaller than the energy

containing scale of the magnetic fields. This scale separation due to the small-scale mag-

netism between velocity spectrum (shift towards low wavenumber with effectively large

ν) and entropy spectrum (shift towards high wavenumber for effectively small κ) can be

roughly modeled as an increase in the effective Prandtl number Pr.

(II). Owing to a decrease in the effective thermal diffusivity κ, low entropy is conveyed

almost adiabatically to the bottom, which results in the enhancement and extension

of the subadiabatic layer near the base.

Note that the subadiabaticity here is not strong enough to be an overshoot region where

downflows are quickly decelerated by buoyancy and therefore the enthalpy flux becomes

downward. The enthalpy flux is in fact transported upward even inside the subadiabatic

layer formed in the lower portion of the numerical domain, which means that this layer

results from the nonlocal heat transport by strong downflow plumes (Brandenburg, 2016;

Käpylä et al., 2017b).

(III). Downflows are subject to weak and gradual buoyant decelerations during the descent

within the subadiabatic zone before reaching to the bottom beneath which a very thin

and stiff overshoot layer is supposed to exist (Hotta, 2017). Therefore, convective

amplitude in the deeper subadiabatic layer is selectively suppressed, which may be

observed as a reduction in the low wavenumber power of the horizontal velocity

near the surface.

Although the velocity suppression mechanism described above is possible, the hori-

zontal Prandtl number PrH-dependence of the convective rms velocities vrms appears to
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be weak and still insufficient to resolve the discrepancies between simulations and obser-

vations. On the other hand, it may offer a promising solution to selectively suppress the

lowe wavenumber power of the subsurface horizontal flow by limiting the deep convective

drivings. Further work is required to investigate whether this effect saturates or not at a

finite effective Prandtl number, which is quite important when trying to apply this effect

to the solar convective conundrum. Rotational effects also need to be examined to clarify

whether the reduction in vrms via the thermal effect can modify the Rossby number Ro

greatly enough to shift the differential rotation regime from anti-solar to solar-like (Käpylä

et al., 2014; Karak et al., 2015). This will be addressed in the coming Chapters 5 and 6.
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Chapter 5

Rotating Convection Simulation

There are two objectives of this chapter. The first of them is to examine the rotational

influences on the convective velocity suppression mechanism that is proposed in Chapter

2 and successfully demonstrated by non-rotating simulations in Chapter 4. The second

aim is to investigate the properties of the angular momentum transport in an effectively

high-Pr regime to discuss implications to the solar differential rotation problem within the

framework of a simplified local f -plane box model.

At this end, several sets of rotating convection simulations are performed with different

rotational strength (Ro∗), the latitude of the box (Θ), Prandtl number (Pr), and Reynolds

number (Re∗). Here, we will not consider the anisotropy of the SGS diffusivities. Thus,

we set ν = νr and κ = κV = κH = κr. In the same way as the previous non-rotating study,

the Reynolds number Re∗ ≡ v∗Hr/ν is fixed while the value of the thermal diffusivity κ is

decreased to increase the Prandtl number Pr = ν/κ. Parameters used in our simulations

are listed in Table 5.1 with several output diagnostics calculated from the data.

5.1 General Properties

First, in this section, we briefly review the general dynamical properties of the rotating

compressible convection that have been intensively studied both locally and globally (e.g.,

Miesch, 2005). For this purpose, we mainly analyze the simulation Runs R10P1T (last
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Table 5.1: Summary of the input and output parameters of the calculations.

Run Ro−1
∗ Θ (deg) Pr Re∗ (Nx, Ny, Nz ) vrms/v∗ Ro Pe |δsub |/M∗ zδ=0/Hr

R0P1 0 - 1 30 2882 × 96 1.58 ∞ 47.4 1.02 0.76
R0P2 0 - 2 30 2882 × 96 1.49 ∞ 89.2 1.63 0.78
R0P6 0 - 6 30 2882 × 96 1.23 ∞ 222 3.95 0.81
R0P10 0 - 10 30 5762 × 96 1.20 ∞ 369 6.22 0.89
R0P20 0 - 20 30 5762 × 96 1.18 ∞ 711 10.77 1.08

low-R2P1 2 10 1 30 2882 × 96 1.57 0.78 47.2 0.82 0.65
low-R2P2 2 10 2 30 2882 × 96 1.47 0.74 88.4 1.68 0.65
low-R2P6 2 10 6 30 2882 × 96 1.36 0.68 244 3.41 0.79
low-R2P10 2 10 10 30 5762 × 96 1.27 0.64 381 5.49 0.85
low-R2P20 2 10 20 30 5762 × 96 1.23 0.62 740 8.67 0.92
low-R5P1 5 10 1 30 2882 × 96 1.62 0.32 48.6 - -
low-R5P2 5 10 2 30 2882 × 96 1.59 0.31 95.3 0.21 0.32
low-R5P6 5 10 6 30 2882 × 96 1.46 0.29 263 2.64 0.57
low-R5P10 5 10 10 30 5762 × 96 1.43 0.29 430 3.98 0.71
low-R5P20 5 10 20 30 5762 × 96 1.40 0.28 838 8.46 0.88
low-R10P1 10 10 1 30 2882 × 96 1.55 0.16 46.6 - -
low-R10P2 10 10 2 30 2882 × 96 1.53 0.15 92.0 - -
low-R10P6 10 10 6 30 2882 × 96 1.46 0.15 264 0.75 0.26
low-R10P10 10 10 10 30 5762 × 96 1.39 0.14 418 3.37 0.39
low-R10P20 10 10 20 30 5762 × 96 1.34 0.13 806 7.95 0.46
mid-R10P1 10 45 1 30 2882 × 96 1.25 0.13 37.5 - -
mid-R10P6 10 45 6 30 2882 × 96 1.11 0.11 199 - -
mid-R10P20 10 45 20 30 5762 × 96 0.98 0.10 590 4.81 0.43
high-R10P1 10 80 1 30 2882 × 96 1.17 0.12 35.2 - -
high-R10P6 10 80 6 30 2882 × 96 1.06 0.11 191 1.46 0.30
high-R10P20 10 80 20 30 5762 × 96 0.95 0.09 568 6.98 0.58

low-R1P1 1 10 1 30 2882 × 96 1.61 1.61 48.4 1.18 0.76
low-R3P1 3 10 1 30 2882 × 96 1.62 0.54 48.6 0.28 0.42
low-R4P1 4 10 1 30 2882 × 96 1.63 0.41 48.9 - -
low-R7P1 7 10 1 30 2882 × 96 1.64 0.23 49.3 - -
low-R1P6 1 10 6 30 2882 × 96 1.34 1.34 241 3.48 0.84
low-R3P6 3 10 6 30 2882 × 96 1.46 0.49 263 3.70 0.74
low-R4P6 4 10 6 30 2882 × 96 1.48 0.37 266 2.82 0.63
low-R7P6 7 10 6 30 2882 × 96 1.50 0.21 271 1.92 0.43

low-R10P1T 10 10 1 80 2882 × 96 1.79 0.18 143 - -
mid-R10P1T 10 45 1 80 2882 × 96 1.48 0.15 118 - -
high-R10P1T 10 80 1 80 2882 × 96 1.38 0.14 110 - -

Note. In all cases investigated here, we set M∗ = 10−2, xmax = ymax = 8.72Hr, and zmax = 2.18Hr.
vrms denotes the volume averaged rms fluctuating velocity with respect to the mean flows. Ro ≡
vrms/(2Ω0Hr) and Pe ≡ vrmsHr/κ represent the volume-averaged convective Rossby number and Peclet
number, respectively. The same definitions as the previous Chapter 4 are applied to compute δsub and
zδ=0. The statistical properties are obtained by taking temporal averages over several inertial oscillation
periods typically around 20 Hr/v∗ after statistically stationary states are reached.
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three rows in Table 5.1) where the rotational influence is strong while the viscous and

thermal diffusivities are kept relatively small.

5.1.1 Convective Structures

In order to illustrate the general appearances of our rotating convection simulations,

we show in Figure 5.1 typical snapshots of the vertical velocity field vz from statistically

stationary convections at different latitudes for faster rotating Runs low-R10Pr20, mid-

R10Pr20, and high-R10Pr20. As reported in many previous works (Brummell et al.,

1996; Käpylä et al., 2004), the convective structure is dominated by the upflow (downflow)

vortices due to the Coriolis forces acting on the diverging (converging) motions. In fact, the

vertical vorticity near the surface becomes negative (positive) in the upflow (downflow)

region when the box is located in the northern hemisphere. This vortex structure is

enhanced as the rotational effect increases, obtaining a tendency to align itself with the

rotational axis as clearly seen from Figure 5.1(a) and (b); dark downflow features are

almost parallel to the white arrows.
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(a)	Θ = 80	deg (b)	Θ = 45	deg (c)	Θ = 10	deg

　　　

Figure 5.1: Snapshots of vertical velocity vz/v∗ field structure for faster-rotating con-
vections for different latitudes Θ; (a)high-R10P1T, (b)mid-R10P1T, and (c)low-R10P1T.
White arrows show the directions of the rotation vector. The horizontal cuts at the middle
layer z/Hr = 1.0 are shown at the lower surfaces.
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Although the convective structures are basically similar at middle and high latitudes

except for the inclination of the vortex alignment, we observe from Figure 5.1(c) that there

is a qualitative difference in the convective properties for the low latitudinal cases where the

downflow lanes are aligned in a north-south direction. These north-south alignments of the

flow structure are not only characteristic at the surface but exist throughout the domain. As

a result, convection is dominated by horizontally-aligned large-scale convective columns.

Note that they are essentially equivalent to Taylor columns (rolls) or banana cells introduced

in §1.3.1. Typically, three or four columns exist in x-direction (azimuthal direction). The

number of these large-scale convective columns would be determined by the aspect ratio

of the simulation box.

5.1.2 Generation of Mean Flows

As seen in the previous section, the Coriolis force naturally introduces the anisotropy

in the convective structure, which transports the (angular) momentum via the Reynolds

stress. In this section, we investigate how the mean flows at different latitudes are generated

and maintained in our faster-rotating box simulations. Under the horizontally-periodic

boundary condition, mean flows exist only in x and y directions, corresponding to the

differential rotation and latitudinal meridional flow as functions of radius in the case of

spherical geometry. However, we must keep in mind that miscellaneous effects realized

in the real spherical-shell geometry, such as the latitudinal entropy variation, the resulting

thermal wind balance of the differential rotation, the vertical meridional flow, and its

interaction with the subadiabatic deep layer, are lacking in our simplified local box model.

The mean equations of motions are written as,

∂

∂t
(
ρ0⟨vx⟩

)
= − ∂

∂z
⟨ρ0v

′
xv
′
z⟩ + 2ρ0Ω0

[
⟨vy⟩ sinΘ − ⟨vz⟩ cosΘ

]
+ ∇ · ⟨Πx⟩, (5.1)

∂

∂t

(
ρ0⟨vy⟩

)
= − ∂

∂z
⟨ρ0v

′
yv
′
z⟩ − 2ρ0Ω0⟨vx⟩ sinΘ + ∇ · ⟨Πy⟩, (5.2)

0 = − ∂
∂z
⟨ρ0v

′2
z ⟩ −

∂

∂z
⟨p1⟩ − ⟨ρ1⟩g + 2ρ0Ω0⟨vx⟩ cosΘ. (5.3)
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(a)	Θ = 80 deg	 (b)	Θ = 45 deg	 (c)	Θ = 10 deg	

　　　

Figure 5.2: Vertical mean force balance for faster-rotating convection simulations; (a)high,
(b)middle, and (c)low latitude cases. The red, blue, green, and yellow lines represent the
mean pressure gradient force, the mean gravity force, the mean Coriolis force, and the
turbulent pressure force (diagonal components of the Reynolds stress) calculated from the
equations (5.4)-(5.7), respectively. The total force Fp

z + Fg
z + Fc

z + F t
z is shown by black

dashed line in each panel.
　　　

Here, ⟨ ⟩ denotes the horizontal (x and y) averaging. Note that the temporal averages are

not yet taken. Thus, these quantities are time-dependent and we will examine the temporal

behaviors later in this section. The vertical mean flow vanishes, which can be explained

as follows: By definition, the terms containing ∂⟨·⟩/∂x and ∂⟨·⟩/∂x vanish. We further

assume the anelastic relation and omit terms proportional to ∇ · (ρ0v) that are small for

low Mach number flows. Then, it leads to ∇ · (ρ0⟨v⟩) = ∇ · (ρ0v
′) = 0. Therefore, we

get ⟨vz⟩ = 0 under the impenetrable boundary condition, which further means that the

mean viscous force vanishes in the z-direction in the equation (5.3). Now, the vertical

mean forces must balance with each other (right hand side of the equation (5.3)). Figure

5.2 shows the mean force balance in the vertical direction for cases R10P1T with different
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latitudes. The vertical mean forces are defined by.

Fp
z = − ∂

∂z
⟨p1⟩, (5.4)

Fg
z = −⟨ρ1⟩g, (5.5)

Fc
z = 2ρ0Ω0⟨vx⟩ cosΘ, (5.6)

Ft
z = −

∂

∂z
⟨ρ0v

′2
z ⟩. (5.7)

In high and middle latitudes, the vertical force balance is dominantly maintained by Fp
z

and Fg
z , insisting the mean hydrostatic equilibrium, except for the surface layer where the

turbulent pressure Ft
z also plays a role. The mean Coriolis force Fc

z is almost negligible in

these two cases. In contrary, in the low latitudinal region, the vertical component of the

Coriolis force significantly enters the total force balance, and as a result, the hydrostatic

equilibrium no longer holds near the equator.

Next, we examine the generation and maintenance mechanism of x and y mean flows.

Figure 5.3 and Figure 5.4 show the mean momentum (panels (a) and (b)), the mean

Reynolds stress force (panels (c) and (d)), the mean Coriolis force (panels (e) and (f)),

and the mean viscous force (panels (h) and (i)) in each x and y direction as functions of

time and height. These correspond to the left-hand side, the first, the second, and the

third terms on the right-hand side of the mean equation of motion (5.1) and (5.2). Figure

5.3 and 5.4 show the results for the middle and low latitude convection simulation (Run

mid-R10P1T and low-R10P1T), respectively1. In order to exclude the oscillating behavior

of the mean flows due to the inertial motion (we will discuss in the next section), we further

take temporal averages to produce Figure 5.5 and Figure 5.6, showing the time-averaged

mean flow profiles and the corresponding their mean force balances.

First, let us examine the results for middle latitude case shown in Figure 5.3. The

1For high latitudinal case (high-R10P1T), the anisotropy of the turbulence is too weak so that the
generated mean flows are small compared with that of middle and low latitudinal cases. We find that there is
basically no qualitative difference between the generation process of mean flows between high and middle
latitudinal cases. Thus, from now on, we mainly compare the results between middle and low latitude
simulations.
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Figure 5.3: Time series of mean momentum and mean forces as functions of z for the
Run middle-R10P1T are shown for each direction of x(left panels) and y(right panels).
Uppermost panels (a) and (b) show the mean momentum ρ0⟨vx,y⟩/(ρrv∗). Panels (c) and
(d) shows the mean momentum transport (first terms in the right hand side of the equations
(5.1) and (5.2). Similarly, the lower two panels show the mean Coriolis forces and the
mean viscous forces expressed in the second and third terms on the right hand side of
the equations (5.1) and (5.2). The mean forces in the panels (c)-(h) are normalized by
ρrv

2
∗/Hr.

　　　

viscous forces are almost negligible. Figure 5.3(a) shows that the middle convection zone

is accelerated in x-direction and that the temporal behavior of this x-mean flow in the

middle depth is anti-correlated with that of Coriolis force shown in Figure 5.3 (e). This

means that the x-mean flow is maintained mainly by the momentum transport by the

Reynolds stress ρ0⟨v′xv′z⟩, and in the statistically stationary state, this mean momentum

transport is balanced or canceled by the Coriolis force. On the other hand, for the y-mean
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Figure 5.4: The same plots as Figure 5.3 but for the Run low-R10P1T.
　　　

flow, the great accordance can be observed between the temporal behavior of y-momentum

(penal (b)) and the y-component of the Coriolis force (panel (f)) except for the surface

layer where the momentum transport by the Reynolds stress becomes rather significant.

This clearly manifests that the y-mean flow, unlike the x-mean flow, is mainly driven by the

Coriolis force acting on the x-mean flow. This can be clearly confirmed in Figure 5.5. The

qualitative agreement can be seen between the x-mean flow profile (panel (a)) and that of

the x-momentum transport by the Reynolds stress (the red curve in the panel(c)), and also

between the y-mean flow profile (panel (b)) and that of the y-component of the Coriolis

force (the blue curve in the panel (d)). Therefore, in the middle latitude convection, the

downward transport of the x-momentum (corresponding to the angular momentum in the
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Figure 5.5: Time-averaged mean momentum (upper panels) and mean forces (lower
panels) as functions of z for the Run middle-R10P1T are shown for each direction of x(left
panels) and y(right panels). The rms variations of the mean momentum resulting from
the inertial oscillations are shown by gray shades in panels (a) and (b). The red, blue,
and green lines denote the mean Reynolds stress force, mean Coriolis force, and the mean
viscous stress force, respectively. Black dashed line represents the sum of these mean
forces.

　　　

spherical geometry) by the Reynolds stress ρ0⟨v′xv′z⟩ is the main driver of the mean flows.

The y-mean flow (corresponding to the latitudinal meridional circulation) is regarded as

a secondary flow driven by the Coriolis forces acting on the x-mean flow. This picture

is consistent with the results obtained by many global convection simulations, in which

the angular momentum is first taken away from the surface region of the middle latitude

(just inside the tangential cylinder) to the equator and the meridional circulation is mostly

driven by the Coriolis force acting on the non-Taylor-Proudman differential rotation (e.g.,

Rempel, 2005b; Miesch, 2005).
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Figure 5.6: The same plots as Figure 5.5 but for the Run low-R10P1T.
　　　

Next, a maintenance mechanism of x and y mean flows in the low latitudinal region

is examined. In contrary to the middle latitude case, great agreements can be observed in

the temporal behaviors between x-mean flow shown in Figure 5.4(a) and the x-Coriolis

force (red curve in the panel (e)) and also between y-mean flow (panel (b)) and the y-

momentum transport by the Reynolds stress ρ0⟨v′yv′z⟩ (blue curve in the panel (d)). This can

also be confirmed in Figure 5.6 where the temporal averages are taken. The x-momentum

transport by the Reynolds stress ρ0⟨v′xv′z⟩ is no longer the main driver of the mean flow

system in low latitude but rather driven by the Coriolis force acting on the y-mean flow

that is generated by the Reynolds stress ρ0⟨v′yv′z⟩. This is obviously different from the

global spherical convection simulation results (e.g., Miesch et al., 2008). We attribute

this inconsistency to the periodic boundary condition in the y-direction, which neglect

the curvature effect across the equator. In the real solar convection zone, the latitudinal
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flow becomes almost anti-symmetric across the equator so that the latitudinal flow vθ

vanishes at the equator, which then turns around to produce the vertical meridional flow.

However, in our model, due to the absence of this anti-symmetric equator, the y-mean flow

is efficiently driven by the Reynolds stress. The origin of this negative (positive) Reynolds

stress ρ0⟨v′yv′z⟩ in the upper (lower) convection zone will be discussed in the later section

5.2.1.

5.1.3 Inertial Oscillation

As seen from Figure 5.3 and 5.4, the horizontally-averaged x and y flows exhibit

oscillating behaviors in time, which is explained in this section. The Coriolis force acting

on the mean flows on a plane perpendicular to the rotational axis produces a circular

acceleration called the "inertial oscillation" (Batchelor, 1967; Pedlosky, 1979; Brummell

et al., 1998). When the rotational influences become very strong i.e., Ro ≫ 1, the mean

equation of motion reduces to,

∂

∂t
*..,
⟨vx⟩

⟨vy⟩

+//- ≈ 2Ω0 sinΘ
*..,
⟨vy⟩

−⟨vx⟩

+//- . (5.8)

Therefore, the inertial frequency of this horizontal oscillation at the latitude Θ is given by

fΩ = 2Ω0 sinΘ = Ro−1
∗ sinΘ [v∗/Hr]. Figure 5.7 shows the inertial motions for middle

latitude and low latitude simulations. Near the bottom, the peak frequencies shown in

the rightmost panels are in good agreement with the theoretically prescribed values of

fΩ/(v∗/Hr) = 7.07 and 1.73 (for Θ = 45, 10 deg, respectively), which means that the

deep convection zone is strongly rotationally-constrained. Near the surface, on the other

hand, the spectra begin to show several frequency peaks. This is due to the fact that, near

the upper thermal boundary layer where the small-scale convective motions are dominantly

driven, the convective turnover time-scale becomes comparable to or even shorter than the

rotational period so that the other terms, especially, the first term on the right-hand side
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Figure 5.7: The rotational inertial oscillation in the time dependence of the mean flows
for Runs mid-R10P1T (upper six panels) and low-R10P1T (lower six panels). Shown in
the leftmost panels are phase plots of the horizontally-averaged flows (⟨vx⟩(t) vs ⟨vy⟩(t)).
Time-sequences and their frequency spectra are shown in middle and rightmost panels,
with each near the top (z/Hr = 2.0) and near the bottom (z/Hr = 0.1).

　　　

of the equations (5.1) and (5.2) begin to play significant roles, which may have a masking

effect over the inertial motions.

For the remainder of this thesis, we are going to discuss the properties of the mean flows

and the Reynolds stresses that are not only horizontally-averaged but also time-averaged so

that the effects resulting from the rotational inertial motions are removed. For the sake of

simplicity of notation, let us keep using the same notation ⟨ ⟩ for the time-averaged mean
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quantities. Note that the amplitudes of the oscillation are relatively large compared to that

of the underlying time-averaged mean flows as shown in the phase plots of Figure 5.7.

Therefore, the resulting rms variations of the time-averaged mean flows (will be presented

by gray shades) become large enough to reverse the direction of the mean flows purely

due to the inertial oscillations.

5.2 Efficiency of Convection

So far, we have discussed the mechanical aspects of the faster-rotating convection, i.e.,

the velocity field characteristics, that are brought about by the Coriolis force. Next, in this

section, we are going to discuss the thermal properties of the rotating convection. At this

end, we mostly analyze the simulation results for Re∗ = 30 runs where the Prandtl number

Pr is systematically changed as well as the rotational influences, Ro∗ and Θ.

In order to show the rotational influences on the properties of the global energy

transport, we again present the height dependent horizontally-averaged energy fluxes in
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Figure 5.8: Energy flux balance of rotating convections for high and low latitudes. The
same colors and notations are employed as the Figure 4.5. Shown by dot-dashed lines
are the fluxes for the non-rotating case R0P1. Shown by solid lines in each panel are the
fluxes of faster rotating runs (a)high-R10P1 and (b)low-R10P1.
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Figure 5.8 for high and low latitude cases. Solid and dot-dashed lines represent the energy

fluxes with and without rotation. Notice that the Coriolis force, that is perpendicular to

the velocity field, does no work. Thus, the global energy flux balance must be maintained

by Fe, Fk , Fc, and Fν regardless of the inclusion of rotation. Regardless of the latitude

Θ, it is obviously seen that, under the rotational influences, amplitudes of both upward

transport of enthalpy and downward transport of the kinetic energy are reduced. This

can be explained as follows: Strong Coriolis forces tend to convert the vertical up- and

downflows into the motions perpendicular to the rotational axis, producing vortices that

are parallel to the rotational axis. In middle to high latitudes, these rotational vortices play

a significant role in mixing the entropy between warm upflows and cold downflows, which

results in a huge reduction in correlations between vertical velocity vz and temperature

perturbation T ′. Similarly, rotational vortices also mix the vertical momentum, being a

dominant container of the fluctuating kinetic energy. Thus, the vertical transport of the

kinetic energy is also strongly suppressed by rotation, as shown in Figure 5.8(a).

Near the equator, the degree of reduction in the kinetic energy flux and enthalpy flux

is rather moderate compared with the middle to high latitudinal cases. This originates

from the fact that, in low latitudes, the motions of rotational vortices are no longer

horizontal but vertical. Therefore, the horizontal mixing by rotational vortices becomes

less efficient whereas the vertical heat transport becomes more efficient near the equator.

This is another aspect of the columnar convective structure: Being strongly influenced by

rotational (Taylor-Proudman) constraint, convective heat transport becomes more efficient

in low latitudes than middle to high latitudes.

From Figure 5.8, we can also observe an increase in the thermal conductive fluxes in

the rotating cases. As we will discuss in the next section, this is due to the fact that the

stratification tends to become superadiabatic under the rotational influences. However,

we find that the increase in the thermal conduction has little impact on the global energy

flux balance. Although the amplitude of the thermal conductive flux is around 10 % of

the total flux for Pr = 1 case as shown in Figure 5.8, its contribution becomes almost
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negligible as we increase Pr. Even in such a regime, reduction in the upward enthalpy

fluxes and downward kinetic energy fluxes robustly exists and characterizes the energy

transport properties of the rotating convection.

5.2.1 Mean Stratification

In the non-rotating simulations shown in Chapter 4, we successfully demonstrated that

the mean stratification is stabilized as Pr is increased; the lower (upper) convection zone

becomes more subadiabatic (less superadiabatic). In this section, we examine the rotational

influences on the mean stratification, especially on the formation of the subadiabatic layer

near the base.

Figure 5.9 shows the profiles of horizontally-averaged entropy ⟨s⟩ and corresponding

superadiabaticity δ under different rotational influences, calculated from simulations near

the equatorΘ = 10 deg. We can see that as rotation Ro−1
∗ increases, the mean stratification

in the bulk becomes more superadiabatic. At the same time, the subadiabatic layer in the

　　　

　　　

Figure 5.9: (a) Horizontally-averaged entropy ⟨s⟩ profiles and (b) corresponding supera-
diabaticity δ profiles for Runs R0P1 (black), low-R5P1 (red), and low-R10P1 (blue). The
same notation as Figure 4.9 is used.
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Figure 5.10: Values of the mean superadiabaticity δ for strongly-rotating cases with
different latitudesΘ Prandtl number Pr. Black, red, and blue lines represent the low,
middle, and high latitudinal cases for (a) Pr = 1, (b) Pr = 6, and (c) Pr = 20 cases,
respectively.

　　　

lower part of the convection zone gradually disappears when the rotation becomes strong.

This is owing to the same reason for the reduction in the enthalpy flux. Strong Coriolis

forces efficiently bend convective up- and downflows, that are supposed to vertically mix

the entropy to make the mean stratification adiabatic, into an azimuthal direction. Thus,

under the rotational influences, the convective heat transport (the vertical mixing/transport

of entropy) becomes inefficient and the mean stratification becomes more superadiabatic.

Figure 5.10 then shows the effect of Prandtl number Pr on the mean stratification

measured by the absolute values of superadiabaticity for faster-rotating cases Ro−1
∗ = 10

with different latitudesΘ. Starting from Pr = 1 where the stratifications are superadiabatic

throughout the whole domain, we can observe that the subadiabatic layer is gradually

formed near the base as Pr is increased up to 20. Therefore, we can conclude that

the formation and enhancement of the subadiabatic layer in higher Pr regime that we

demonstrated in the non-rotating simulations still hold even under the strong rotational

influences.

Latitudinal dependence of the convection efficiency can also be observed in Figure

5.10. In general, destructing effects of rotation on the convective heat transport comes
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from the Coriolis forces acting on the motions of convective upflowing and downflowing

plumes that are perpendicular to the rotational axis. Therefore, in principle, convection

becomes less efficient as we move from pole to the equator if the convective structure is

dominated by plumes. On the other hand, if the columnar structure exists, convective heat

transport becomes efficient under a given rotational influences. Thus, mean stratification

or the efficiency of heat transport is determined by whether the convection is characterized

by plumes or columns.

The results presented in Figure 5.10(a)-(c) can be understood based on the above

arguments: It is manifested that, near the surface, the stratification is most (least) su-

peradiabatic in the equatorial (polar) region. This is because the surface convection is

less rotationally-constrained owing to the small-scale convections, i.e., Roc ≫ 1, and

therefore, plume-type convection dominates. However, the deeper convection zone in low

latitudes which is dominated by the rotational columns, leading to a least superadiabatic

stratification as seen from Figure 5.9 (a). The increase in the Pr tends to enhance the

plume structure of convection by enforcing the thermal contents of convective upflows

and downflows. Thus, the deep stratification at higher latitude selectively become less

superadiabatic as Pr is increased.

A degree of enhancement and extension of the subadiabatic layer is measured by

maximum values of subadiabaticity |δsub | and the height at which the stratification changes

from subadiabatic to superadiabatic zsub. They are shown in Figure 5.11 (a) and (b),

respectively. Here, we fix the box located near the equator (Θ = 10 deg) to focus on

the overall dependence of the subadiabatic layer on both the Prandtl number Pr and the

rotational influence Ro∗. First, the regime with low-Pr and low-Ro∗ turns out to be a “dead

zone” where the subadiabatic layer cannot exist. If Pr is relatively small, convection is

inefficient and subject to the rotational influences, which makes the convection further

inefficient. On the other hand, the subadiabatic layer can be formed even under the

rotational influences (Ro∗ ≳ 0.1) as long as Pr is increased up to 10 or 20.

Whether or not the subadiabatic lower convection zone exists would be determined by
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Figure 5.11: (a) Maximum value of the subadiabaticity |δsub | and (b) the thickness of
the subadiabatic layer zsub shown in a Pr − Ro−1

∗ plane. A logarithmic scale is adapted
for horizontal axis showing the Pr. The black x-marks represent sets of parameters with
which simulations are conducted; contour plots are produced by extrapolating values from
that at x-marks.

　　　

a balance between the positive effect of Pr to enhance the thermal contents of downflowing

plumes and the negative effect of Ro−1
∗ to limit the low entropy supply to the base due to

the Coriolis force. Judging from the degree of scale separation between velocity spectra

and entropy spectra recently reported in the small-scale dynamo simulations (Hotta et al.,

2015a, see also §2.1 Figure 2.1), the effective Prandtl number Preff on the order of ten

would be considered to be reasonably achieved. Therefore, we may conclude that the

subadiabatic layer near the base can be formed by continuous depositions of low entropy

materials even when the deep convection zone is strongly rotationally-constraint.

5.2.2 Convective Velocity Amplitude

Convective velocity amplitudes are measured by the fluctuating velicities with respect

to the mean flows as functions of Pr, Ro∗, and Θ, and are examined in this section. Figure

5.12 shows the height dependent total and vertical components of rms velocities, vrms(z)

and vz,rms(z), for faster rotating convection simulations with different Prandtl numbers Pr
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Figure 5.12: Total (solid) and vertical (dashed) component of the rms velocities for faster-
rotating Runs (R10) for different Pramdtl numbers (a) Pr = 1, (b) Pr = 6, and (c) Pr = 20.
Black, red, and blue lines represent the low (Θ = 10 deg), middle (Θ = 45 deg), and high
latitudinal (Θ = 80 deg) cases.

　　　

and latitudes Θ, a velocity counterpart of the Figure 5.10.

In all cases, the convective speed near the equator is larger than that of middle and high

latitudes, even though the stratification is least superadiabatic near the equator. This seems

at first glance contradictory to our argument made in the non-rotating studies in Chapter

4. Indeed, this result can be explained based on the fact that the vertical component of

vz,rms (dashed lines) becomes large at the equator, although the horizontal component

shows a rather monotonic latitudinal dependence (not shown here). As already described

in the previous section, rotational vortices make the convection inefficient from middle

to high latitudes, whereas in low latitudes, they instead offer a columnar convective

structure that can favorably transport the heat. Therefore, the enthalpy flux in the low

latitude becomes higher than that of middle and high latitude, which must be compensated

by larger downward transport of the kinetic energy, as represented by the vertical vrms

profiles of Figure 5.12. For this reason, the convective speed becomes the largest near

the equator even though the stratification is least superadiabatic. Once the convection

is rotationally-constraint and dominated by columnar structure, the velocity amplitude

is not always uniquely determined by its stratification because convection is no longer
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Figure 5.13: (a) Dependence of volume-averaged rms velocities vrms on the Prandtl
number Pr for different rotational influences Ro∗. (b) vrms is plotted on a (Pr − Ro−1

∗ )
plane. Logarithmic scale is adopted for horizontal axis showing the Pr. The box is set to
the low latitude; Θ = 10 deg.

　　　

buoyantly-driven.

Figure 5.13 further shows the volume averaged rms velocity vrms near the eqauator as

a function of Pr and the rotational influence Ro−1
∗ . For fixed Ro−1

∗ , the main effect of large

Pr is to enhance the convective efficiency by downflowing plumes and to make the stratifi-

cation more subadiabatic (less superadiabatic) in the lower (upper) part of the convection

zone. Thus, vrms monotonically decreases as Pr is increased. However, an irregular (non-

monotonic) behavior is observed for the rotational dependence of vrms: For fixed Pr, vrms

initially increases with Ro−1
∗ but then starts to decrease when the rotational effects become

even larger Ro∗ < 0.2. This can be explained as follows: When the rotational effect is

small (Ro∗ > 0.2), convection becomes monotonically inefficient as rotation increases and

its stratification becomes more superadiabatic, which results in a larger convective speed.

In this regime, heat is transported convective upflowing and downflowing plumes that are

buoyantly-driven. This is why the convective speed is increased even though the amplitude
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of the kinetic energy flux decreases. However, when the rotational influence becomes even

larger, convection can find a way to make the convective heat transport efficient under the

strong constraint of Taylor-Proudman’s theorem by changing its structure from plume-like

to columnar-like. In this regime, a further increase in rotational effect Ro−1
∗ enforces

the columnar structure and just suppresses the convection. This rotational damping of

turbulence has been confirmed both numerically and experimentally (e.g., Kunnen et al.,

2010). Thus, convective speed begins to decrease as Ro−1
∗ increases. This is consistent

with the decrease in amplitudes of the enthalpy flux and the kinetic energy flux.

Up to here, we mainly focus on the convective properties in the equatorial region. We

expect that the non-monotonic behavior of Ro∗ dependence of vrms as shown in Figure

5.13 might only be observed in the equatorial region. In the middle to high latitude, on

the other hand, vrms might be more clearly correlated with the mean stratification because

of an absence of columnar convective structure (not investigated here).

5.3 Reynolds Stress

In this section, we discuss the spatial distribution and amplitudes of the turbulent

Reynolds stresses and their dependence on the rotational influence Ro∗ as well as on the

Prandtl number Pr.

5.3.1 Rotational Influences

Let us begin our discussion by examining the rotational dependence of each non-

diagonal component of the Reynolds stress, Ri j ≡ ⟨ρ0v
′
iv
′
j⟩ = ρ0⟨v′iv′j⟩. Fiugre 5.14 shows

volume-averaged and height dependent Reynolds stresses Rxy, Ryz, and Rxz for different

values of Ro∗. Note that these three Reynolds stress components correspond to −Rθϕ,

−Rrθ , and Rrϕ in the case of spherical geometry. For discussing the applications to the

dynamical balance within the solar convection zone, of our particular interest here would

be the components Rxy (Rθϕ) and Rxz (Rrϕ) that determine the properties of the turbulent
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Figure 5.14: Reynolds stress components Rxy (upper panels), Ryz (middle panels), and
Rxz (lower panels) normalized by ρrv

2
∗ for different Prandtl numbers Pr = 1 and Pr = 6.

The box is located at low latitude Θ = 10 deg. Left panels show the Ro∗ dependece of the
Reynolds stresses. Middle and right panels show the height dependence of the Reynolds
stresses for Pr = 1 and Pr = 6 cases, respectively.

　　　

angular momentum transport and the resulting differential rotation profile.

Figure 5.14 (a)-(c) show that Rxy is positive (negative) when the rotational influence is

weak (strong), which corresponds in the spherical geometry to the poleward (equatorward)
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transport of the angular momentum. This is in a qualitative agreement with the findings

of many of the previous local convection simulations (Chan, 2001; Käpylä et al., 2004;

Rüdiger et al., 2005) and global full-spherical convection simulations (Brun et al., 2004;

Miesch et al., 2008; Käpylä et al., 2011, 2014). The origin of its sign change can be

explained as follows. Positive (negative) correlation of ⟨v′xv′y⟩ is generated when the

Coriolis force mainly acts on v′y (v′x) to produce v′y (v′x). If the rotational influence is weak,

convection is dominated by convective upflows and downflows that tend to weakly align

with the rotational axis. Thus, Coriolis force mainly acts on vy in this regime. However,

when the rotation becomes strong enough, the coherent north-south alignment of downflow

lanes is formed due to a columnarization of the rotating convective structure. The inflows

converging into these donwflow lanes offer a dominant source of the velocity correlation

between v′x and v′y in this regime: The prograde (retrograde) inflows v′x > 0 (< 0) are bent

by Coriolis forces to produce v′y < 0 (> 0), leading to a negative correlation ⟨v′xv′y⟩ < 0.

Despite the importance of Rθϕ in the generation of solar-like differential rotation, we must

note here that this Reynolds stress component cannot play a role in our local model due to

the periodic boundary condition in the y-direction; ∂Rxy/∂x = ∂Rxy/∂y = 0.

Next, let us examine the component Rxz, corresponding to Rrϕ, which is regarded

as equally important for the maintenance of the differential rotation as Rθϕ. Figure

5.14(g) clearly shows the Ro∗-dependence of Rxz that is explained as follows: When weak

rotational influence is added (Ro∗ > 0.3), vertical motions vz are the dominant source of

the negative correlation ⟨v′xv′z⟩. The convective upflows (vz > 0) and downflows (vz < 0)

are bent by Coriolis forces into retrograde (v′x > 0) and prograde (v′x > 0) directions,

respectively, leading to negative ⟨v′xv′z⟩ < 0. Further increase of the rotational influence

eventually result in a sign change of ⟨v′xv′z⟩ from negative to positive. This sign change

comes from a change of the convective structure from plume-like to columnar-like. When

coherent structures of the north-south alignment of downflow lanes are fully-developed,

there emerges a Rossby wave owing to the tendency to conserve angular momentum (or

potential vorticity) under the effect of density stratification. Due to the Rossby wave, the
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north-south alignment of downflow lanes propagate in a prograde direction (with respect

to the local mean flow speed) and their propagation speed is faster in the upper part of the

convection zone. Therefore, the global structure of the rotational columnar cells are tilted

to produce a positive correlation of ⟨v′xv′z⟩.

Finally, the component Ryz shown in Figure 5.14 (d)-(f) is addressed. This component

represents the mean meridional momentum flux. For the large-scale solar convection zone

dynamics, the meridional momentum transport is in most cases not important with respect

to the angular momentum transport. Indeed, mean-field solar convection simulations

suggest that the meridional flow is mainly driven by the Coriolis force acting on the non-

Taylor-Proudman differential rotation (e.g., Rempel, 2005b). However, as we already see

in Figure 5.6, the meridional momentum transport is the main driver of vy in our model

owing to the y-periodic boundary condition. The origin of the negative correlation comes

from the fact that the rotational vortices tend to be parallel to the rotational axis. In the

rotationally-constraint regime (Ro∗ < 0.2), Ryz becomes almost constant with relatively

small amplitude ≈ −0.01.

5.3.2 Dependence on Prandtl Number

Next, Pr-dependence of the Reynolds stress is examined in this section. Figure 5.14

already compares the Reynolds stresses for Pr = 1 runs and Pr = 6 cases. As for Rxyand

Ryz, the increase of Pr reduces the amplitudes of the Reynolds stress components without

changing their signs. This can be attributed to the convective velocity suppression in the

higher-Pr regime. Here in this section, we are mainly going to discuss the Pr-dependence

of the component Rxz that represents the mean x-momentum (angular momentum) flux in

a vertical direction. Figure 5.14(g) shows that the increase in Pr shifts the profile of Rxz in

a negative direction; in the high-Ro∗ regime the negative Rxz is more enhanced, whereas

in the low-Ro∗ regime, the positive Rxz is reduced in its amplitude.

In order to visalize the dependence of the Reynolds stress component Rxz on the two
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Figure 5.15: (a) Volume-averaged Reynolds stress Rxz and (b) volume-averaged normal-
ized velocity correlation Cxz in a (Pr − Ro−1

∗ ) plane. A logarithmic scale is adapted for
horizontal axis showing the Pr. Similarly to Figure 5.11 and 5.13, the black x-marks rep-
resent sets of parameters by which simulations are conducted; contour plots are produced
by extrapolating values at x-marks. White solid line denotes the contour line of zero. Note
that Rxz = Cxz = 0 at Ro−1

∗ = 0 due to an absence of anisotropy of turbulence. Note also
that Θ = 10 deg is fixed.

　　　

basic parameters (Pr, Ro∗), volume-averaged Reynolds stress Rxz is defined by,

Rxz =
1

zmax − zmin

∫
ρ0⟨v′xv′z⟩ dz, (5.9)

and plotted against Pr and Ro−1
∗ in Figure 5.15(a). The white solid line, representing

the regime where Rxz is zero, has a positive slope within the (Pr, Ro−1
∗ ) plane. Thus,

positive Reynolds stress Rxz and the resulting upward transport of the x-momentum

(angular momentum) can only be obtained when both of Pr and Ro∗ are small. The

Ro∗-dependence of Rxz (or Rrϕ) has been intensively examined by many previous studies

of rotating convection simulations (Käpylä et al., 2004; Gastine et al., 2013; Karak et al.,

2015; Mabuchi et al., 2015; Featherstone & Miesch, 2015). However, our results further

demonstrate that Rxz also depends significantly on Pr, manifesting the general tendency

that the x-momentum (angular momentum) tends to be transported vertically downward
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in higher Pr regime: The increase in Pr, as well as the decrease of Ro∗, will change the

sign of Rxz and thus the direction of the angular momentum transport from upward to

downward.

This may be because that the high-Pr can enhance the cohesion of upflow and downflow

plumes. In such a circumstance, the Coriolis force can act more effectively on these vertical

plumes to generate the azimuthal components of the velocity perturbations. Therefore, in

the high-Pr regime, the negative correlation of ⟨v′xv′z⟩ is enhanced. In order to confirm this,

we further calculated the volume-averaged values of the normalized velocity correlation

defined by,

Cxz ≡
∫
v′xv
′
zdV√∫

v′2x dV
√∫

v′2z dV
. (5.10)

This normalizetion removes the effects of the changes in the convective velocity amplitudes

vrms via the changes in the mean stratification in the high Pr regime. Figure 5.15(b) shows

the dependence of Cxz on Pr and Ro∗. We can observe a very clear tendency of ⟨v′xv′z⟩ to

become negative in the higher Pr regime. It is suggested that the tendency to transport the

angular momentum downward originates from the enhanced cohesion of the convective

plumes in the high-Pr regime.

Let us further examine the statistical properties of this velocity correlation. Figure 5.16

compares the probability density functions (PDFs) of v′x and v′z for the slowly-rotating case

(Ro∗ = 0.5) for low and high Prandtl numbers; Pr = 1 and Pr = 20. In order to investigate

the way correlation changes, the rightmost panels show the differences of PDFs between

low and high Pr cases where blue and red regions characterize the correlation ⟨v′xv′z⟩ of

Pr = 1 and 6 cases, respectively. Since the rotational influence is relatively weak, ⟨v′xv′z⟩

is negative, as represented by the overall negative slopes of PDFs shown in Figure 5.16.

The area with the biggest population is always located in the second orthant with v′z > 0

and v′x < 0 because the filling factor of upflows (v′z > 0) is larger than that of downflows

in a compressible convection that are bent by Coriolis force to gain v′x < 0.
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Figure 5.16: Probability density functions (PDFs) of azimuthal velocity fluctuation v′x/v∗
and vertical velocity vz/v∗ for slowly-rotating Runs low-R2P1 and low-R2P20. Upper,
middle, and lower panels show the PDFs at z/Hr = 2.0, 1.0, and 0.1, respectively. Left
and center panels represent the PDFs for Pr = 1 and 20 cases, respectively. Rightmost
panels show the differences of PDFs between Pr = 1 and 20 cases.

　　　

Near the surface where the convection is mainly driven, an increase of Pr inhibits

the vertical thermal conduction, which makes the upper thermal boundary thinner and

makes the stratification more superadiabatic. Therefore, a convective driving of small-

scale vertical motions is further enhanced in higher Pr case. This is why the population
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Figure 5.17: The same plots as Figure 5.16 but for faster-rotating Runs low-R10P1 and
low-R10P20.

　　　

of convective upflows and downflows that are almost unaffected by Coriolis forces is

increased in Pr = 20 case as shown in the red area of Figure 5.16(c). In addition, a typical

convective cell size shrinks owing to a thinner thermal boundary layer in higher Pr case.

Therefore, the large-scale horizontal flows at the surface decrease as shown in the blue

area of Figure 5.16(c).
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In the middle and lower parts of the convection zone, on the other hand, the PDFs

accompany qualitative changes from Pr = 1 case to Pr = 20 case. In high Pr regime,

the small-scale downflowing plumes penetrate deeper into the convection zone so that

the typical horizontal scale of the convection shifts to a smaller-scale, which reduces the

number of faster horizontal flows (large |vx |) as shown in blue regions of Figure 5.16(f)

and (i). Moreover, the deeper stratification becomes more subadiabatic and thus buoyant-

driving of convection is significantly suppressed. This can be observed as a reduction of

fast upflows with horizontally diverging motions. Finally, the Coriolis forces acting on

the coherent upflow and downflow plumes increase the population at second and forth

orthants. Thus, all of these features of PDFs observed for slowly-rotating cases can be

explained by the enhancement of plume-type coherent convection in higher Pr regime.

In the same way, Figure 5.17 compares the PDFs for Pr = 1 and Pr = 20 simulations

for faster rotating cases (Ro∗ = 0.1). In this regime, convection is dominated by columnar

convective cells that give a positive correlation of v′x and v′z. Even though, similar features

as the slowly-rotating case can be observed in the difference of PDFs shown in Figure

5.17(c), (f), and (i). Near the surface where the convective Rossby number Roc is relatively

large and thus the rotational influence is small, an increase in Pr results in an increase in

the number of upflows and downflows and also a decrease in the number of fast horizontal

flows similarly to Figure 5.16(c). Interestingly, both upflows and downflows tend to

accompany retrograde flows with v′x < 0 in high-Pr regime, which suggests that upflows

are less rotationally-constraint and thus bent by the Coriolis force whereas downflows are

absorbed into a tilted columnar rolls that are strongly rotationally-constrained.

As we go into deeper convection zone as represented in Figure 5.17(f) and (i), it is

shown that the number of prograde upflows and retrograde downflows decreases (blue

regions in the first and third orthants) and instead the number of retrograde upflows and

prograde downflows increases (red areas in the second and fourth orthants) in the higher-Pr

regime. This clearly reflects the fact that the convective structure undergoes a qualita-

tive change from columnar-like to plume-like, which enhances the negative correlation.
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Therefore, we can confirm the same conclusion for both low and high Ro∗ regimes that the

increase in Pr promotes the plume-type convection that is subject to the Coriolis forces,

leading to an enhancement of a net downward transport of the x-momentum (angular

momentum).

5.4 Summary and Discussion

In this chapter, we have extended our non-rotating model of Section 4 into a local

f -plane box model to investigate the rotational effects on the convective structure, velocity

amplitude, mean stratification, and the properties of the mean momentum transport by the

Reynolds stresses.

It is first found that, as rotation is added and increased, convection becomes subject

to the Taylor-Proudman’s theorem so that the rotational vortices are formed in a direction

parallel to the rotational axis. Owing to this tendency, the convective heat transport be-

comes inefficient and the mean stratification becomes more superadiabatic accordingly as

shown in Figure 5.9. Near the equator, the columnar convective rolls (akin to banana cells

found in global faster-rotating convection simulations) characterize the overall structure

where the convective heat transport becomes more efficient than that at higher latitudes.

The effects of the Prandtl number mostly turn out to act similarly to the non-rotating

convection: The convective efficiency increases as Pr increases, and as a result, the

mean stratification is significantly stabilized. In fact, the lower convection zone becomes

weakly subadiabatic due to the enhanced supply of low entropy materials when Pr is

increased up to 10 or 20 (Figure 5.11). However, it is found that the relation between the

convective amplitudes and the mean stratification is rather vague in the rotating case. This

is owing to the rotational dumping of turbulence in a rotationally-constrained regime in

which convection is no longer buoyantly-driven. At least under the moderate rotational

influences, it is confirmed that the fluctuating velocity vrms shows a general tendency to

decrease with the increase of Pr via the change in the mean stratification (Figure 5.13).
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We have also investigated the generation of mean flows in a faster-rotating system

at different latitudes. In middle latitudes, the azimuthally-prograde flow is driven at

the middle depth by the downward angular momentum transport by the Reynolds stress,

which further drives the poleward latitudinal mean flows through the Coriolis force. This

result agrees qualitatively with the maintenance mechanism of the differential rotation /

meridional circulation system confirmed in the global simulation studies. On the other

hand, it is found that the role of the angular momentum transport by the Reynolds stress

becomes rather secondary in low latitudes where the latitudinal momentum transport

drives the whole mean flow system. This result is in a disagreement of the global solar

convection zone dynamics where the meridional (latitudinal) flow is much weaker than the

differential rotation speed. This contradiction can be attributed to the periodic boundary

condition for a latitudinal direction, which is unrealistic especially near the equator. In fact,

the equatorward transport of the angular momentum by the Reynolds stress ⟨v′xv′y⟩ (the

gradient of this term vanishes in our model) will accumulate the angular momentum in low

latitudes to form a latitudinally dependent differential rotation, by which the meridional

circulation is driven. We will further discuss the latitudinal dependence of the system in

the next chapter where the results of global full-spherical convection simulations with the

similar numerical setting of ours are analyzed.

The most interesting result of our rotating convection simulations would be the Pr-

dependence of the Reynolds stress component ⟨v′xv′z⟩ that it tends to become negative as Pr

increases (see Figure 5.14 (g), for example). This means that the angular momentum tends

to be transported radially downward in the high-Pr regime. It is found that this negative

correlation ⟨v′xv′z⟩ originates from the enhanced cohesion of the convective plumes. Even

though these downflow plumes can transport the low entropy plasma in a non-local way

to form a subadiabatic lower convection zone and significantly help to suppress the deep-

seated large-scale convective speed (Chapter 4), they also transport the angular momentum

radially downward inevitably. If this downward transport of the angular momentum is too

strong, it is expected that the inner convection zone is more accelerated to result in a
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differential rotation that is in striking contrast to what we observe. If so, a serious doubt

will be cast on our idea that a high effective Pr might be a solution to the solar convective

conundrum. Therefore, it would be a very important future work to determine the efficiency

of penetration of cold downflow plumes and the extent of the downward transport of the

angular momentum in order to reconcile the problems of convective velocity suppression

and the angular momentum transport both by plumes; they are definitely two sides of the

same coin.
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Chapter 6

Comparison with Global Simulation

In this chapter, the results obtained with our local box simulations (Chapter 4,5) are

compared with the global full-spherical convection simulations. In order to examine the

effects of spherical geometry, several sets of simulations are conducted using Rayleigh

code1 in collaboration with Dr. Bidya Karak and Dr. Mark Miesch during the author

(Y.B.)’s visit to High Altitude Observatory: Numerical computations and analysis were

mostly conducted by B.K. and M.M. whereas Y.B. contributed to designing the study and

interpreting the results.

This chapter consists of the following two parts: Firstly, in §6.1, simulation setup and

the main results of full-spherical Rayleigh convection simulations are briefly presented

(Karak et al., 2018, submitted). In §6.2, we then compare the results of Rayleigh simu-

lations with that of the local cartesian model. Of our particular interest is to relate the

Pr-dependency of the Reynolds stress (that we found in Chapter 5) with the rotational

profile under the realistic spherical geometry.

1Rayleigh code is an open-source pseudo-spectral MHD code which is designed to be more scalable
than Anelastic Spherical Harmonics (ASH) code. Visit the Computational Infrastructure for Geodynamics
(CIG; https://geodynamics.org/cig/) for more details.
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6.1 Full-Spherical Convection Simulation

In this section, we present the basic results obtained by full-spherical convection

simulations. The similar numerical setups are adopted in order to make the comparisons

with the results of local f-plane model desctibed in Chapter 5 easier. See Karak et al.

(2018, submitted) for details.

6.1.1 Numerical Setup

Background Stratification

The numerical domain consists of the spherical shell (0.7 < r/R⊙ < 1) with an

adiabatically-stratified background consisting of an ideal gas with the ratio of specific heats

γ = 5/3. The solar values are adopted for the mass density, gravitational acceleration

at the inner boundary. The density contrast across the numerical domain is set to Nρ =

ln (ρ0(rmax)/ρ0(rmin)) = 3.

The functional forms of the background radiative heating and the surface cooling terms

are given by the equations (3.13) and (3.16), similarly to that of our local model described

in Chapter 3, but in this case the r-dependent energy flux is given by F = L/(4πr2). The

entropy at the top is set to zero, assuming that the temperature variation at the surface

vanishes. Note, especially, that the upper thermal boundary condition is different from

that of many previous studies of ASH or Rayleigh codes (with thermal conductive-type

boundary condition) where the entropy at the upper boundary is given such that the thermal

conductive flux carries the exact amount of the solar luminosity. Thus, the thickness of

the upper thermal boundary layer and the entropy difference across this layer are much

more insensitive to the change of the thermal diffusivity κ or Prandtl number Pr in the

simulations presented here.
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Anelastic Approximation

Hydrodynamic equations are solved in rotating spherical geometry. The same equation

of motion (3.2) and the equation of entropy (3.3) are solved. Under the anelastic approx-

imation, thermodynamic variables are linearized in the same way as the equation (3.4).

However, the equation of continuity is further reduced to,

∇ · (ρ0v) = 0, (6.1)

so that sound wave mode is filtered out. The solenoidal condition for the mass flux enables

us to describe the velocity field in terms of the poloidal and toroidal streamfunctions.

All variables are expanded using spherical harmonics along spherical surfaces and using

Chebyshev polynomial for radial direction. Time integrations are carried out for each

expansion coefficients in the spectral space except for the nonlinear terms that are separately

calculated in the physical space after transforming the relevant spatial derivatives evaluated

in the spectral space. See Glatzmaier (1984); Miesch et al. (2000) for more detailed

description of this type of numerical schemes.

Model Parameters

Three sets of simulations are conducted with different rotation rates, (1) non-rotating runs

R0, (2) runs with the solar rotation rate Ω0 = Ω⊙ (set R1), and (3) with rotation rate five

times faster than the solar rotation rate Ω0 = 5Ω⊙ (set R5). In each set, Prandtl number Pr

is changed from 1 to 20 in the same way as our methods used in Chapter 4 and 5. The values

of viscous diffusivity ν = 8×1012 cm2 s−1 and the luminosity L⊙ = 3.84×1033 erg s−1 are

fixed for all runs. In fact, the viscous diffusivity ν is determined such that the convection

is surely rotationally-constrained to obtain a solar-like differential rotation for Ω⊙ and L⊙.

As a consequence, the flow becomes highly laminar with the typical Reynolds number of

around ≈ 20− 30. In this section, we are mainly going to analyze the results of the set R1

to see how the rotation profile varies with higher Pr. The results of a faster-rotating set R5
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Table 6.1: List of parameters used and calculated in Rayleigh simulations.
Run Pr Ω0/Ω⊙ (Nr, Nθ, Nϕ) urms [m s−1] Ro Pe max(Le)/L⊙ dsub [Mm]

R0P1 1 0 128,192,384 : 141 ∞ 36.8 1.17 90.4
R0P2 2 0 128,192,384 : 131 ∞ 68.2 1.19 90.4
R0P6 6 0 128,512,1024 : 111 ∞ 174 1.02 92.9
R0P20 20 0 200,2048,4096 : 80.5 ∞ 420 1.00 95.4
R1P1 1 1 128,192,384 : 77.7 0.45 20.3 0.65 -
R1P2 2 1 128,192,384 : 91.7 0.53 47.9 0.94 -
R1P6 6 1 128,512,1024 : 91.2 0.53 143 1.02 45.3
R1P10 10 1 128,1024,2048 : 85.9 0.50 224 1.01 60.9
R1P20 20 1 200,2048,4096 : 77.7 0.45 406 0.98 77.6
R5P1 1 5 128,192,384 : 10.4 0.012 2.7 0.03 -
R5P2 2 5 128,192,384 : 40.7 0.047 21.2 0.41 -
R5P6 6 5 128,512,1024 : 59.9 0.069 93.8 0.88 -
R5P20 20 5 200,2048,4096 : 54.2 0.062 283 0.92 20.4

Note. Prandtl number Pr and the rotation rate Ω0 are the free parameters in these sets of cal-
culations. Several important output parameters shown in the table here are the volume-averaged
fluctuating velocity amplitude urms =

∫ √
(vr − ⟨vr ⟩)2 + (vθ − ⟨vθ⟩)2 + (vϕ − ⟨vϕ⟩)2dV/

∫
dV , the

Rossby number Ro = urms/(2Ω0lc) with the correlation length is given by lc = (rmax − rmin)/2π,
Peclet number Pe = urmslc/κ, the maximum amplitude of the enthalpy flux Le = ρ0cp⟨vrT1⟩, and
the spherically-averaged thickness of the subadiabatic layer near the base dsub.

will be discussed later in §6.3.

6.1.2 Results I: Convective Amplitude and Stratification

Figure 6.1 shows the typical entropy structure of rotating spherical shell convection

for low and high Prandtl numbers; Pr = 1 (R1P1) and 10 (R1P10) cases. At the surface,

north-south alignments of downflow lanes are observed due to the rotational effects. As we

go into deeper, however, downflow plumes eventually dominate the convective structure

in the high Pr regime, whereas the low-Pr convection is still rotationally-constrained.

These downflow plumes transport cold entropy to the bottom and help form a subadia-

batic layer near the base, as clearly manifested in Figure 6.2 where the meridional profiles

of the azimuthally-averaged subadiabaticity are shown. We can also see a latitudinal

dependence of the efficiency of convection measured by the thickness of the subadiabatic

layer. It is found that the subadiabatic layer can be most easily formed near the equator and

least efficiently formed in the middle latitude (see, for example, Figure 6.2; Pr = 6 case).
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FIG. 3. Entropy fluctuation S − ⟨S⟩φ at two different radial layers (top panels: near the upper boundary; bottom: near the
base of the CZ) from Run R1P1 (left panels), and Run R1P10 (right panels).

thermal energy is transported upward as shown in Bran-
denburg [8], Käpylä et al. [10]. This layer is distinct from
the overshoot region where the plumes are deaccelerated
due to buoyancy and energy is transported downward.
We note that in non-rotating simulations, Bekki et al.

[19] detected the subadiabatic layer even at Pr 1 and 2,
for which we have not found any such layer. Although
their simulations are performed in local geometry and
with a different surface boundary condition, we suspect
rotation to be the major cause of producing distinct re-
sults. To explore this, we analyze the non-rotating sim-
ulations. We find that for all values of Pr, starting from
1, we get a subadiabatic layer; see Runs R0P1–R0P20
in Table I. Therefore, the rotation which is not included
in previous simulations of Bekki et al. [19] is the cause
of the difference between their results and ours. The
Coriolis force inhibits the downward propagation of the
plumes, suppressing the formation of the subadiabatic
layer. Due to the same reason, the R5 series of simula-
tions (Ω0 = 5Ω⊙) show a thin subadiabatic layer only at
Pr 6 and 20; see Figure 5.
Plumes at different latitudes feel a different effect of

the Coriolis force. Near poles, plumes approach the sub-
adiabatic layer almost vertically, while in low latitudes
they travel at an angle or are subsumed into banana cells.
Hence, we expect the extent of the subadiabatic layer to
decrease as we move away from the poles. Interestingly,
in the R1 set of simulations, we do not find any signifi-

cant latitudinal variation of the subadiabatic layer (Fig-
ure 2). However, in the R5 set of simulations, we do see
some latitudinal variation, although not monotonic; see
Figure 5. The reason is that the dominant structure of
rapidly rotating convection transitions from banana cells
at low latitudes to plumes at high latitudes. As in pre-
vious rotating global convection simulations at moderate
Ra, convection is least efficient in the mid-latitude transi-
tion region [1, 22]. Here this lower efficiency is manifested
as the absence of a subadiabatic layer at mid-latitudes.
A similar phenomenon has been seen previously in the

local f-plane simulations of Brummell et al. [23] and the
global convection simulations of Miesch et al. [24]. Both
found that the convective overshoot region was wider
near the equator and poles and thinner at mid-latitudes.
However, their simulations included a radiative zone with
a highly subadiabatic stratification and the overshoot re-
gion was characterized by a negative value of the convec-
tive enthalpy flux. By contrast, the subadiabatic strati-
fication in our simulations is relatively weak and the en-
thalpy flux is everywhere positive (radially outward).

Convective Velocity Amplitudes

The root mean square of the convective velocity urms,
averaged over the whole computation domain is shown
in Figure 6. In non-rotating simulations, urms decreases

　　　

Figure 6.1: Entropy perturbation s − ⟨s⟩ at two different radial layers (top panels: near the
surface / bottom panels: middle convection zone) from Run R1P1 (left panels) and Run
R1P10 (right panels) in units erg g−1 K−1.

　　　

This is mostly due to the fact that the middle latitude is least efficient in convection heat

transport under a rotational influence: As we move away from the poles, vertical upflows

and downflows are more and more affected by Coriolis force, whereas in low latitudes,

columnar structure (banana cells) can transport heat with better efficiency.

Convective velocity amplitudes are evaluated based on volume-averaged velocity fluc-

tuations urms. Figure 6.3 shows the dependence of urms as a function of Pr and Ro∗

similarly to Figure 5.13(a) and (b). It is shown that urms initially increases with Pr and

then decreases at even larger Pr even though the stratification is monotonically stabilized.

We attribute the initial increase of urms in the relatively low-Pr regime (Pr < 6) to a

non-negligible contribution of the thermal conductive flux. Figure 6.4 (a) and (b) show
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Figure 6.2: Azimuthally-averaged superadiabaticity δ = ∇ − ∇ad for different Pr, taken
from the set R1. Note that blue and green colors show the subadiabatic layer (δ < 0)
formed in the statistically-stationary convection.
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Figure 6.3: (a) Dependence of urms on Pr for different rotation rate; nonrotating set R0
(red), solar rotation rate set R1 (black), and faster rotating set R5 (blue). (b) urms is plotted
on a (Pr-Ro−1

∗ ) plane. The Rossby number is estimated in the same way as our local
f -plane model using the injected energy flux to get Ro−1

∗ = 3.5, 17.4 for sets R1 and R5,
respectively.

　　　

the energy flux balance for low and high Prandtl number regimes; (a) Pr = 1, 2 and (b)

Pr = 6, 20. When Pr is small, upward heat transport by thermal conduction (represented
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Figure 6.4: Energy flux balance for the set R1, showing radial variations of enthalpy flux
(blue), kinetic energy flux (cyan), thermal conductive flux (green), viscous dissipative flux
(red), and the net radiative heating and cooling flux (black). All fluxes are normalized by
F⊙ = L⊙/4πr2. (a) The cases in a relatively low Pr regime from Runs R1P1 (solid) and
R1P2 (dashed) and (b) in a higher Pr regime from Runs R1P6 (solid) and R1P20 (dashed).

　　　

by green lines) contributes significantly to the overall energy flux balance because rotation

makes the convective heat transport inefficient and makes the stratification highly supera-

diabatic. Therefore in this regime, the total flux is maintained roughly by enthalpy flux Fe

and thermal conductuve flux Fc; L⊙/4πr2 = Fe + Fc. In the following discussion, we omit

the background radiative heating and cooling terms Fr and Fsf because they do not change

in different runs. When Pr is increased (κ is reduced), the contribution from the thermal

conduction Fc(∝ 1/Pr) is significantly reduced. This is also partly owing to the tendency

of the mean stratification to become less superadiabatic (convection is efficient). Conse-

quently, the enthalpy flux Fe(∝ vr ) must be increased to keep the total flux unchanged,

resulting in a larger convective speed urms. However, when Pr is further increased up to

the points where the thermal conduction becomes almost negligible (Pr > 6 for the R1 set,

see Figure 6.4 (b)), the convective speed can be suppressed along with the enhancement

of the subadiabatic layer just like the non-rotating set (see Figure 6.2).

132



6.1.3 Results II: Differential Rotation and Reynolds Stress

Next, Pr-dependency on the angular momentum transport via the Reynolds stress are

investigated. One of the main aims here is to see how the profile of differential rotation is

affected by an increase of Pr. The time-averaged differential rotation profiles are shown in

the leftmost panels of Figure 6.5 for different Pr. We can see that the solar-like differential

rotation is achieved for the case with Pr = 1. Note, in this section, we define the solar-like

(anti-solar like) differential rotation for positive (negative) azimuthal mean flow at the

equator at the surface, ∆Ω = Ω(R⊙, π/2) − Ω0. It is observed that, as Pr is increased,

differential rotation becomes weaker and finally becomes anti-solar like in a sense that the

relative angular velocity Ω(r, θ) is smaller in low latitudes than in higher latitudes (poles

are accelerated). It is clear that the transition between solar and anti-solar differential

rotation regime is no longer characterized only by the Rossby number Ro = urms/(2Ω0).

For example, despite the fact that the Rossby number takes the same value (Ro = 0.45) for

the runs R1P1 and R1P20, and therefore, both convections must be rotationally-constrained

to the same degree, they operate in different solar/anti-solar differential rotation regimes.

Let us reveal the origin of this change in the differential rotation profile by examining

the Reynolds stress components in each case. Center panels of Figure 6.5 show meridional

profiles of the Reynolds stress components (in terms of the angular momentum fluxes)

ρ0r sin θ⟨v′rv′ϕ⟩ and ρ0r sin θ⟨v′θv′ϕ⟩. First, let us discuss the latitudinal component of the

Reynolds stress. ⟨v′θv′ϕ⟩ is generally positive (negative) in the northern (southern) hemi-

sphere, which means that the angular momentum is in all cases transported equatorward

by the Reynolds stress from middle to low latitude. Considering that the runs R1 operate

in a low-Ro regime, this positive ⟨v′θv′ϕ⟩ is brought about by a coherent downflow lanes in

the north-south direction (banana cells).

On the other hand, the radial component of the Reynolds stress (or ⟨v′rv′ϕ⟩) shows a

completely different behavior. For low-Pr regime (Pr = 1), it is positive in low latitudinal

regions whereas, in higher latitudes, it is weakly negative. As Pr is increased, ⟨v′rv′ϕ⟩
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Figure 6.5: Profiles of differential rotation, radial Reynolds stress, and latitudinal Reynolds
stress are plotted in a meridional plane for different Pr. Snapshots of the azimuthal velocity
fields vϕ on a spherical slice r/R⊙ = 0.98 are plotted in the rightmost panels.
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changes its sign and finally becomes negative throughout the sphere. Therefore, we can

attribute the transition from solar-like to anti-solar like differential rotation to the sign

change of the radial component of the Reynolds stress: In high-Pr regime, the angular

momentum is transported downward, and the equator is finally decelerated significantly

compared with the poles so that an anti-solar differential rotation is achieved.

Up to here, we clearly have demonstrated the following things:

• The Reynolds stress component ⟨v′θv′ϕ⟩ is positive (negative) in the northern (south-

ern) hemisphere and does not change its sign with Pr.

• The Reynolds stress component ⟨v′rv′ϕ⟩ becomes negative as Pr increases near the

equator.

• The rotational profile changes from solar to anti-solar like as Pr increases, owing to

the inward transport of the angular momentum by ⟨v′rv′ϕ⟩ < 0.

The transition between solar-like to anti-solar like differential rotation regimes have

been intensively studied, starting from Gilman (1977) and more recently by many others

(Gastine et al., 2013; Fan & Fang, 2014; Käpylä et al., 2014; Gastine et al., 2014; Mabuchi

et al., 2015; Karak et al., 2015; Featherstone & Miesch, 2015). All of these previous

studies have focused on the (convective) Rossby number Ro as a critical parameter that

determines the differential rotation regime: a transition from solar to anti-solar rotation

has been achieved repeatedly by reducing the rotational effect, i.e., by increasing Ro. In

this study, it is newly found that the transition from solar to anti-solar can be achieved

even when Ro is unchanged by decreasing the thermal diffusivity κ, which enhances the

downward transport of the angular momentum by convective plumes.

6.1.4 Results III: Implications for Thermal Wind Balance

In the set R1, we first reproduce the solar-like differential rotation for Pr = 1 and then

investigate how the rotation profile is affected by an increase of Pr. As a result, we observe
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Figure 6.6: Profiles of (a)-(d) differential rotation and (e)-(h) entropy perturbation on a
meridional plane for different Pr for faster-rotating set R5.

　　　

a clear transition from the solar-like to anti-solar like rotation profiles originating from

the change of sign in ⟨v′rv′ϕ⟩ from positive to negative. In fact, positive ⟨v′rv′ϕ⟩ can also be

enforced by decreasing Ro. At this end, another set of simulations R5 is further conducted

in much lower Ro regime using the rotation rate five times faster than the solar value to

study the influence of Pr on the solar-like differential rotation.

Figure 6.6 (a)-(d) shows the time-averaged profiles of differential rotation for the faster-

rotating set R5 with different Pr. In these cases, all rotational profiles are solar-like. From
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Pr = 1 to Pr = 6, the amplitude of differential rotation increases monotonically. This can

be understood as a result of the increase in the convective velocity urms (equivalent to the

amplitude of the Reynolds stress) owing to the non-negligible thermal conductive flux as

explained in §6.1.2. On the other hand, as Pr is further increased up to 20, differential

rotation becomes rather weaker mostly owing to the enhanced downward transport of the

angular momentum transport by convective plumes. However, the most interesting features

shown in Figure 6.6 would be the Taylor-Proudman balance of the differential rotation:

As Pr increases (especially from Pr = 6 to 20), the rotational profile deviates significantly

from the Taylor-Proudman state, i.e., the isocontour lines become more conical to the

rotational axis.

Conical rotational profiles are clearly associated with latitudinal entropy variations

through the thermal wind balance (e.g., Gilman, 1968). More precisely, in order to main-

tain the observed conical differential rotation, polar region should be warmer compared

to the equator. In the case of the Sun, the required temperature variation is around 10

degrees (e.g., Miesch, 2005). Even though the origin of this latitudinal entropy variation

still remains elusive, there are many ways to produce the latitudinal entropy difference

proposed so far in order to break the Taylor-Proudman’s constraint. In the mean-field

framework, thermal wind balance can be achieved by parameterizing the anisotropic con-

vective heat transport (Durney, 2001; Küker & Stix, 2001; Kitchatinov & Rüdiger, 2005)

or by imposing a subadiabatic tachocline which can interact with the radial meridional

flows (Rempel, 2005b). In three-dimensional convection simulation, this anisotropic heat

transprort can be explicitly solved (Elliott et al., 2000; Miesch et al., 2000; Brun & Toomre,

2002). However, it was reported that the latitudinal temperature variation of 10 K cannot

be created unless the entropy variation is artificially imposed at the base of the convection

zone (Miesch et al., 2006). Brun et al. (2011) then conducted a solar convection simula-

tions coupled with the stably-stratified radiative interior and found that the thermal wind

balance can be further reinforced in the lower part of the convection zone. Note here that

our simulations performed in this chapter include neither of artificial entropy variation at
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the base nor the dynamical coupling between subadiabatic radiation zone. Even though,

the Taylor-Proudman’s constraint can be efficiently broken in the high-Pr regime.

Figure 6.6 (e)-(h) shows the latitudinal variation of the mean entropy at the middle

convection zone. It is observed that an increase of Pr can enhance the latitudinal entropy

difference between poles and the equator. This is because the larger thermal contents can

be retained and transported by coherent convective plumes in the high-Pr regime in such a

way that cold (warm) downflow (upflow) plumes are bent by Coriolis forces equatorward

(poleward) so that the equatorial (polar) region can be heated up.

These results suggest that if the solar convection is essentially magnetized and operates

in an effectively high-Pr regime, the thermal wind balance might be achieved in a self-

consistent manner without any help by subadiabatic tachocline and its interaction with the

radial meridional circulation.

6.2 Comparison between Local and Global Models

In this section, we compare the results of the local f-plane box simulations (Chapter 5)

with that of full-spherical convection simulation results (§6.1). For the sake of simplicity

of description, let us refer the results of local f-plane box simulations and global full-

spherical simulations as "results L" and "results G", respectively.

6.2.1 Mach Number and Energy Flux

Before making comparisons of the results L and G, let us assess the possible ef-

fects originating from different treatments of the equation of continuity. The anelastic

approximation is valid when the flow is substantially subsonic, i.e., the Mach number

M ≡ v/Cs ≪ 1. Figure 6.7 shows the profiles of rms convective velocity vrms from the

Run R0P1 (red) and the background sound speed Cs. The Mach number is on the order

of O(10−2) and below 0.1 even near the surface. Therefore, we may safely consider that

the compressibility itself does not play any critical role in our simulations and that the
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comparisons between results L and G should remain reasonable.

On the other hand, the Mach number of order O(10−2) is still much larger than the

estimated value at the base of the convection zone (M ≈ 10−3 − 10−4). Here, let us

assess the possible consequences of this treatment. In our model, the energy flux F∗ is

set by specifying the (modified) Mach number M∗ ∝ F1/3
∗ . In fact, we can estimate the

parameter M∗ for the Rayleigh simulations. Using the same definition expressed in the

equation (3.20), we get, M∗ ≈ 5 × 10−4, which is two orders of magnitude smaller than

the value we used. Thus, the amount of energy flux used in Rayleigh simulations is much

smaller than ours, which may cause a difference in the global energy flux balance. As a

consequence, we should bear in mind that a great care is required if we are to compare

the results of compressible convection simulations with a large M∗ with the results of

anelastic simulations with a virtually small M∗, especially in a low Peclet number regime.

According to the classical mixing length argument (Vitense, 1953), the typical entropy

perturbations can be related to the Mach number as s ∼ δ ∼ M2
∗, where s is the entropy

normalized by the specific heat cv. Therefore, scalings of the enthalpy, kinetic energy, and
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Figure 6.7: Comparison of sound speed Cs (black) and the typical convective speed vrms
(red) in our compressible simulation R1P1.
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thermal conductive flux on the Mach number are each estimated as,

Fe ∝ sv ∝ M3
∗, (6.2)

Fk ∝ v3 ∝ M3
∗, (6.3)

Fc ∝ κδ ∝ κM2
∗ . (6.4)

If κ is relatively large (low Peclet number), a very small value of M∗ (anelastic case) will

naturally result in a large contribution of the thermal conductive flux with respect to the

total energy flux F∗.

6.2.2 Convective Amplitude and Stratification

To begin with, the properties of the mean stratification are compared. In both results

L and G, we found that the mean stratification responds to the change of Ro∗ and Pr in a

similar manner, that are summarized as follows.

• The mean stratification becomes more superadiabatic when rotation (Ro−1
∗ ) increases

(not shown for the results G but is confirmed).

• Convection at middle latitudes is the least efficient at heat transport.

• As Pr increases, the mean stratification is stabilized and the subadiabatic layer is

formed near the base.

Despite the robustness of the above properties of the mean stratification, it is found that

the convective velocities for the results L and G, each measured by vrms and urms, respond

differently to the changes of Pr and Ro−1
∗ . Firstly, the Pr-dependency can be summarized

as follows:

• Convective speed generally decreases as Pr increases via the stabilization of the

mean stratification.
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• If thermal conductive flux largely contributes to the global energy transport, con-

vective speed becomes faster for higher Pr along with the increase of enthalpy flux

constraint.

The criterion described in the second row is only satisfied for the results G due to the

combination of the large thermal diffusivity κ (large Pe) and the low Mach number M∗,

as discussed in §6.2.1. The rotational (Ro−1
∗ ) dependence, on the other hand, can be

summarized as follows:

• If rotational influence is moderate (Ro−1
∗ is sufficiently small), convective speed

increases with Ro−1
∗ via the change of the mean stratification to become more

superadiabatic.

• If rotational influence is strong (Ro−1
∗ is large), convective speed decreases with

Ro−1
∗ due to the rotational damping.

The criterion described in the first row can only be observed in the results L. For results

G, both sets R1 and R5 are operating in rotationally-constrained regimes and thus urms

appears to monotonically decrease with the rotation rate.

6.2.3 Reynolds Stress Near The Equator

We found that the Pr-dependencies of the Reynolds stress components near the equator

in results G are quite consistent with the results L, as described in §5.3. These results are

summarized as follows:

• ⟨v′xv′y⟩ (or −⟨v′θv′ϕ⟩) is negative (positive) in the low- (high-) Ro∗ regime, i.e., in the

faster (slowly) rotating regime.

• ⟨v′xv′y⟩ (or −⟨v′θv′ϕ⟩) only reduces in its amplitude when Pr is increased, i.e., Pr does

not change its sign.

• ⟨v′xv′z⟩ (or ⟨v′rv′ϕ⟩) is positive (negative) in the low- (high-) Ro∗ regime.
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• ⟨v′xv′z⟩ (or ⟨v′rv′ϕ⟩) becomes negative for higher Pr, i.e., it changes its sign from

positive to negative in the low-Ro∗ regime and increases in its negative amplitude

in the high-Ro∗ regime.

The reader can refer Figure 5.14 for more details. Having done many high-Pr convection

simulations both locally and globally, it is finally found that the tendency for the Reynolds

stress ⟨v′xv′z⟩ or ⟨v′rv′ϕ⟩(< 0) to transport the angular momentum downward in the high-

Pr regime is very robust, being almost unaffected by the difference in the geometry.

As a result, it is strongly suggested that the anti-solar differential rotation would be an

unavoidable consequence in the high-Pr thermal convection in a weakly rotationally-

constrained regime.

6.3 Summary

Sets of rotating convection simulations with different Pr are conducted with the spherical

geometry to assess the robustness of the results found in the local f-plane box model and

to further examine how the rotational profiles are affected by Pr. Although the same

background stratification and the similar radiative heating and cooling functions are used,

different treatments of the equation of continuity result in a difference in the magnitude of

the injected energy flux, which affects the overall contribution of the thermal conductive

flux. As a result, a different Pr-dependency of the convective velocity is found from what

we found in §5.2.2. urms initially increases with Pr because the amplitude of the enthalpy

flux is almost set by that of thermal conductive flux in relatively low Pr cases.

Except for this difference, the results of the global full-spherical simulations are quite

consistent with the local f-plane results presented in Chapter 5: The enhanced and extended

subadiabatic lower convection zone is found in the higher-Pr regime, which can suppress

the convective velocity amplitudes once the contributions from the thermal conductive flux

become negligible. The latitudinal dependence of the convection efficiency, evaluated by

the thickness of the subadiabatic layer, also exhibits a similar feature that the middle
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latitude is least efficient at heat transport, as we discussed in §5.2.1.

Most importantly, profiles of the Reynolds stress and the resulting large-scale mean

flows are studied. It is found that the rotation profile is largely determined by radial

(not latitudinal) transport of the angular momentum by the Reynolds stress ∝ ⟨v′rv′ϕ⟩. In

high-Pr regime, the rotation profile tends to become anti-solar owing to the negative ⟨v′rv′ϕ⟩

produced by the coherent convective plumes. This means that cold downflowing plumes,

which promotes the efficient convective heat transport in a non-local way and helps alleviate

the convective conundrum, inevitably transports the angular momentum radially inward

to establish the anti-solar differential rotation profile. The results presented here disproves

our initial idea that the decrease of the convective amplitude in effectively high Pr regime

will help to achieve more rotationally-constrained convection (lower Ro) and to make the

differential rotation more solar-like. It is finally concluded that just decreasing the thermal

diffusivity κ cannot be an ultimate solution to the solar convective conundrum. Other

effects are required to lower the Ro, to shift a more rotationally-constrained regime, and

to obtain the observed solar rotation profile, such as the effects of dynamical suppression

of convection directly by the Lorentz-force. Other possibilities will be discussed in detail

in §7.2.

Finally, we also examine the role of Pr on the thermal wind balance in a faster-rotating

convection. It is found that the coherent convective plumes can efficiently transport the

low (high) entropy materials equatorward (poleward) to enhance the latitudinal entropy

variation in a high-Pr regime. As a result, the differential rotation can become more

conical as suggested by the observed profile. Although high effective Pr cannot be an

ultimate solution, once a strongly rotationally-constrained regime is reached by some

other mechanisms, it may still help to break the Taylor-Proudman’s constraint.
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Chapter 7

Conclusions

In this thesis, we have investigated the role of the enhanced effective Prandtl number as

a possible remedy to the solar convective conundrum, by performing sets of non-rotating

and rotating convection simulations with local and global models. Here, in this section,

our main results and some important findings are briefly summarized. After reviewing our

current status of this problem, we would then like to discuss several other possibilities that

are not taken into account in our studies but may have huge implications for the convective

conundrum.

7.1 Summary of Our Study

7.1.1 Motivation

A series of studies are motivated by the "solar convective conundrum" that the con-

vective velocity amplitudes obtained by mixing length models or numerical simulations

are overestimated. There are three clear manifestations of this problem: A severe con-

straint has recently been imposed on the solar convective amplitudes based on the local

helioseismic measurements that are much smaller than the values predicted by theoretical

models or numerical simulations (first manifestation; Hanasoge et al., 2012). In fact, it is

gradually recognized that the numerical simulations themselves have their own problems
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that are qualitatively consistent with the helioseismic constraint. Global convection sim-

ulations tend to yield an unrealistic differential rotation if the solar parameters are used

for the luminosity and rotation rate, suggesting that they are somehow operating in a less

rotationally-constrained regime (second manifestation; e.g., Gastine et al., 2013; Feather-

stone & Miesch, 2015). Furthermore, realistic simulations of the solar surface convection

also seem to overestimate the velocity power at larger scale driven at the deeper convection

zone (third manifestation; Lord et al., 2014). It is of critical importance to understand

the cause of these discrepancies among theoretical models, observations, and numerical

simulations, in order to further attack the solar dynamo problem.

7.1.2 Possible Effects of Small-Scale Dynamo

At this end, we have proposed a possible model for convective velocity suppression

based on the recent studies on the small-scale dynamo in Chapter 2. This is explained as

follows: Owing to the insufficient values of the (magnetic) Reynolds numbers achievable

in numerical simulations, it is highly likely that none of the current global convection

simulations can fully capture the small-scale dynamo effects realized in the solar convec-

tion zone. It is suggested that if small-scale dynamo is efficiently excited, the small-scale

Lorentz force may act like a viscosity to the velocity field so that the effective viscosity

νeff is enhanced. On the other hand, the horizontal turbulent mixing of entropy between

warm upflows and cold downflows are suppressed so that the effective thermal diffusivity

κeff (Hotta et al., 2015a). In other words, the effective Reynolds number Reeff decreases

whereas the effective Peclet number Peeff increases. As a result, the effective Prandtl

number Preff = νeff/κeff = Peeff/Reeff should be increased if the solar convection is essen-

tially magnetized. In such a circumstance, it is expected that a formation of the weakly

subadiabatic layer near the base is enhanced, which can suppress the buoyant-driving of

convection especially in the lower half of the convection zone.
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7.1.3 Results of Non-Rotating Simulations

The existence of this convective velocity suppression mechanism can be confirmed

by conducting sets of non-rotating convection simulations in §4. We have designed our

numerical model such that the effects of the small-scale magnetism are roughly modeled

as an enhanced sub-grid-scale (SGS) Pr. Note that we fix the SGS viscosity and only

decrease the SGS thermal diffusivity to achieve higher effective Pr. It is observed that, as

Pr increases, the mean stratification is stabilized, i.e., the lower (upper) convection zone

becomes more subadiabatic (less superadiabatic). As a result, the convective velocity

systematically decreases in higher Pr regime. We also examine the anisotropy in the

SGS thermal diffusivity and found that the decrease in the horizontal thermal diffusivity

is critical for an efficient formation of the subadiabatic lower convection zone and for

this velocity suppression mechanism, which is consistent with the results of small-scale

dynamo simulations (Hotta et al., 2015a). According to our parameteric survey, root-mean-

square (rms) velocity vrms appear to only weakly scale with Pr as vrms ∝ Pr−0.1. On the other

hand, it is also shown that the enhanced subadiabatic layer can selectively limit convective

drivings at the deeper convection zone, which can be observed as a large reduction (by

90%) of the low wavenumber horizontal velocity power. Although still insufficient, this

may offer a promising solution to somehow alleviate the huge discrepancies between

simulations and observations (Cossette & Rast, 2016).

Interestingly, in the subadiabatic lower convection zone of our simulations, the enthalpy

is transported upward. In this sense, this layer is distinct from the overshoot layer where

the downflow plumes are quickly decelerated and the resulting enthalpy flux is directed

downward. The existence of this layer has been theoretically predicted by Brandenburg

(2016), who consider an additional contribution to the enthalpy flux originating from the

non-local heat transport by strong downflows, and demonstrated by numerical simulations

of the convective overshooting layer (Hotta, 2017; Käpylä et al., 2017b). These recent

studies, as well as our findings of non-rotating simulations, are synthesized to yield a new
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Figure 7.1: A schematic diagram illustrating the mean vertical stratification (red) and the
signs of the energy fluxes (orange:enthalpy, blue:radiative, purple: kinetic) of the solar
interior. The mean stratification is superadiabatic in the upper half of the convection zone.
The superadiabaticity δ becomes extremely large on the order unity towards the surface.
The main target of this thesis is the weakly subadiabatic lower half of the convection
zone where the enthalpy flux is directed upward (light-blue region). There should be an
overshooting layer where the stratification becomes strongly subadiabatic and the enthalpy
flux is directed downward. In order to compensate the non-zero kinetic energy due to
downflow penetrations and the resulting heating effect, the radiative energy flux becomes
slightly larger than that in the radiation zone below.

　　　

paradigm of the solar internal stratification as shown in Figure 7.1 which comprehensively

includes the overshooting layer and the radiative zone. Note that, in Figure 7.1, the over-

shooting depth is far exaggerated for the sake of easy visualization. In fact, it is estimated

that the overshooting layer would be very thin with the depth of around 0.004Hp ∼ 250km

(Hotta, 2017). If the solar convection operates in an effectively high-Pr (or Pe) regime,

downflows can transport the cold entropy materials generated by strong cooling at the

surface nearly adiabatically to the lower convection zone. These non-local heat transport

by convective plumes can maintain a slightly subadiabatic mean stratification in the lower
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half of the convection zone through an accumulation of low entropy fluids. As a result,

convective driving is restricted to upper half of the convection zone. This may help explain

why the observations suggest very small velocity amplitudes for deep-seated large-scale

convection. Since most of the decelerations of downflow plumes may not occur in the

overshoot layer but in the lower half of the convection zone, the resulting overshooting

depth might become very thin (Hotta, 2017).

7.1.4 Results of Rotating Simulations

We further examine the rotational influences on the high-Pr thermal convection

using a local f -plane box model in Chapter 5 and a using global full-spherical model

in Chapter 6. As reported in many previous studies of local (Brummell et al., 2002;

Käpylä et al., 2004) and global (Miesch et al., 2000; Brun & Toomre, 2002) simulations,

rotation tends to make the convective heat transport inefficient and makes the stratification

more superadiabatic. Nonetheless, it is found that the convective velocity suppression

effect in the high-Pr regime can indeed work even under the rotational effects: A weakly

subadiabatic layer can be formed when Pr exceeds around 6 or 10, and vrms systematically

decreases accordingly. Thus, we may conclude that even if the deep convection is strongly

rotationally-constrained (small Ro) as suggested by observations, the stratification can

become weakly subadiabatic and convective velocity amplitudes can be suppressed as

long as the effective Prandtl number is enhanced by the effects of small-scale magnetic

fields.

Undoubtedly, the most important finding is made on the Pr-dependency of the Reynolds

stress and the resulting mean flow profiles. In high-Pr regime, convective plumes tend to

transport the angular momentum downward. This is clearly manifested by the fact that

the Reynolds stress ⟨v′xv′z⟩ (or ⟨v′rv′ϕ⟩) becomes negative as Pr increases. In local box

simulations, the origin of this negative Reynolds stress ⟨v′xv′z⟩ is studied by examining the

changes of probability density function (PDF) for different Pr. It is concluded that the
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negative correlation in high-Pr regime results from the enhanced cohesion of convective

plumes. In global full-spherical convection simulations, it is further demonstrated that, as

Pr is increased, negative ⟨v′rv′ϕ⟩ is achieved even in low latitudes and the angular momentum

is transported downward throughout the convection zone, which naturally establishes an

anti-solar differential rotation, in striking contrast to the observed solar rotation profile.

In summary, enhanced convective plumes in the high-Pr regime, which can promote

the efficiency of non-local convective energy transport and thus can be a possible remedy

for the solar convective conundrum, turn out to be evil in regard to the properties of the

solar angular momentum transport and the maintenance of the observed solar large-scale

mean flows. In this sense, it is concluded that just decreasing κ cannot be a comprehensive

solution to the solar convective conundrum. Now, we must call attention that any resolution

of the conundrum that relies on the cold downflow plumes must take into account not only

the efficient convective heat transport but also the resulting angular momentum transport.

7.2 Future Prospects

So far, we have reviewed where we presently stand on the convective conundrum. In

this section, we are going to address several possible ways to proceed this study.

Local Helioseismology

As already described in §1.5.2, the local helioseismic observations themselves contain

inconsistency in the amplitudes of large-scale subsurface convective velocities: Hanasoge

et al. (2012) used the deep-focusing time-distance method to derive the upper limit that is

far smaller than predicted by numerical simulations, whereas Greer et al. (2015) employed

a ring-diagram analysis and found instead the flow amplitudes that are in good agreement

with simulations. Revealing the origin of this inconsistency and obtaining a robust

observational constraint on the solar subsurface convective amplitudes is by all means

required.

150



Better Modeling of Small-Scale Dynamo

In this study, we decided to model the effects of small-scale dynamo by enhanced

effective Prandtl number Pr. All the physical processes occurring on scales smaller than

the magnetic energy containing scale is incorporated as sub-grid-scale (SGS) diffusivities.

Although, in our model, we fix the effective viscosity νeff for simplicity and only decrease

κeff to examine how the convective properties are affected by the prohibition of turbulent

mixing of entropy, νeff is also enhanced by Lorentz-force feedback in reality as small-scale

dynamo is activated. If this direct suppression of turbulence by small-scale Lorentz-force

can be taken into account, a rotationally-constrained regime (small Ro) would be more

easily achieved. Therefore, it would be an important future work to implement a better

modeling of small-scale dynamo effects which includes both enhanced νeff and reduced

κeff in a self-consistent manner1.

Detailed analysis of the high-resolution solar small-scale dynamo simulations would

be of great help. Especially, it would be worth doing to directly measure νeff and κeff as

functions of (magnetic) Reynolds numbers (Re and Rm) either by analyzing the spectra

data or by monitoring the temporal behavior of the passive scalar. If the scaling relations

of νeff and κeff are derived for saturated states of the small-scale dynamo with given Re

and Rm, it will enable us to reckon the global impacts of the solar small-scale dynamo.

Surface-Driven Convection

A strong density stratification near the surface is excluded in our simplified model:

The density contrast across the solar convection zone is on the order of O(106), whereas

that of our model is only about 20, which corresponds to the stratification from the base

(r/R⊙ = 0.71) to the depth below the near-surface shear layer (r/R⊙ ≈ 0.95). In this

sense, an artificial upper boundary is set below the real surface, above which a rigorous

1Several cares may be needed when modeling the Lorent-force feedback as an enhanced νeff because
the kinetic energy loss that is supposed to be converted to the magnetic energy by Lorentz-force is given
directly to the internal energy if we model this effect as enhanced νeff .
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small-scale turbulent convection is expected to occur.

Strong downflows originating from the near-surface layer may highly contribute to

the nonlocal convective heat transport. This issue has recently been investigated by

Nelson et al. (2016) in which a stochastic plume boundary condition is implemented.

These small-scale convective plumes carry the majority of the outward solar energy

flux throughout the convection zone and thus large-scale convective amplitudes can be

suppressed. Interestingly, it is found that the stratification within the bulk of the convection

zone becomes close to adiabatic or even subadiabatic when plume-type boundary condition

is used. In contrast, Hotta et al. (2014) conducted a set of non-rotating hydrodynamic

solar convection simulations with different upper boundary heights and found that the

convective speed in the deeper convection is almost unaffected by the treatment of the

upper boundary condition, indicating that non-magnetized convection is locally driven as

prescribed by local mixing length model. However, as we pointed out in Chapter 2, the

small-scale magnetism will make the convective energy transport strongly nonlocal. Thus,

a reconsideration might be required on the upper boundary treatments used in most of the

global convection simulations to resolve the discrepancies between global simulations and

observations of real magnetized convection. We are expecting that if we take into account

the convective heat transport by strong downflows penetrating from above, the formation

of the subadiabatic layer might be further enhanced and the convective amplitude may be

suppressed accordingly.

At this end, one of our pre-planned future works on this line is to assess how much

the deep convection is surface-driven. This can be done, for example, by conducting a set

of deep convection simulations with different treatments of the upper boundary condition.

One of them is designed to be purely driven by time-dependent ghost cells above the

upper boundary that are taken from another reference calculation including the realistic

surface convection. The deep convective amplitudes and stratifications are then compared

to examine the effects of the strong downflow penetrations from the upper boundary.
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